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Benchmarking GPUs to Tune Dense Linear Algebra 
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Abstract 
Y(! M+(9(%8! M(+6*+'&%,(! +(9L=89! 6*+! N(%9(! =F%(&+! &=E(K+&! L9F%E!
+(,(%8! ZV[S[\! "#$9B! ]L+! '&8+F^U'&8+F^! 'L=8FM=J! +*L8F%(!
_"`QQa!+L%9!LM!8*!31b!6&98(+!8P&%!8P(!7(%N*+c9!F'M=('(%8&U
8F*%!&%N!&MM+*&,P(9!8P(!M(&>!*6!P&+NO&+(!,&M&KF=F8F(9B!]L+!d$?!
ef! &%N! WP*=(9>J! 6&,8*+FA&8F*%9! &,PF(7(! LM! 8*! 01g21b! *6! 8P(!
M(&>! "`QQ! +&8(B! ]L+! M&+&==(=! d$! +L%%F%E! *%! 8O*! "#$9!
&,PF(7(9!LM!8*!hD<1!"6=*MG9B!-P(9(!+(9L=89!&+(!&,,*'M=F9P(N!KJ!
,P&==(%EF%E!8P(!&,,(M8(N!7F(O!*6!8P(!"#$!&+,PF8(,8L+(!&%N!M+*U
E+&''F%E! ELFN(=F%(9B! Y(! &+EL(! 8P&8! '*N(+%! "#$9! 9P*L=N! K(!
7F(O(N! &9! 'L=8F8P+(&N(N! 'L=8F,*+(! 7(,8*+! L%F89B! Y(! (^M=*F8!
K=*,>F%E!9F'F=&+=J!8*!7(,8*+!,*'ML8(+9!&%N!P(8(+*E(%(F8J!*6!8P(!
9J98('! KJ! ,*'ML8F%E! K*8P! *%! "#$! &%N! W#$B! -PF9! 98LNJ! F%U
,=LN(9!N(8&F=(N!K(%,P'&+>F%E!*6!8P(! "#$! '('*+J!9J98('!8P&8!
+(7(&=9! 9FA(9! &%N! =&8(%,F(9! *6! ,&,P(9! &%N! -dIB! Y(! M+(9(%8! &!
,*LM=(! *6! &=E*+F8P'F,! *M8F'FA&8F*%9! &F'(N! &8! F%,+(&9F%E! M&+&=U
=(=F9'!&%N!+(EL=&+F8J!F%!8P(!M+*K=('!8P&8!M+*7FN(!L9!OF8P!9=FEP8=J!
PFEP(+!M(+6*+'&%,(B!

1 Introduction 
Y(! '&>(! 8P(! 6*==*OF%E! ,*%8+FKL8F*%9B! )*+! 8P(! 6F+98! 8F'(?! O(!
9P*O!&%!d$?!ef!&%N!WP*=(9>J!6&,8*+FA&8F*%!8P&8!&,PF(7(! ,*'U
ML8&8F*%&=!+&8(9!*7(+!:11!"6=*MG9!*%!&!"#$B!-P(9(!&+(!8P+((!*6!
8P(! '*98!OFN(=J!L9(N!6&,8*+FA&8F*%9!F%!N(%9(!=F%(&+!&=E(K+&!&%N!
M&7(! 8P(! O&J! 6*+! 8P(! F'M=('(%8&8F*%! *6! 8P(! (%8F+(! d\#\WH!
=FK+&+J!i\%N(+9*%!(8!&=B!;221j!6*+!8P(!"#$9B!

]L+! +(9L=89! &=9*! F%,=LN(! M(+6*+'&%,(! *%! 8P(! 0U9(+F(9! *6!
ZV[S[\!"#$9!8P&8!O&9!%*8!M+(7F*L9=J!&88&F%(N!F%!8P(!;BD!J(&+9!
9F%,(!8P(9(!"#$9!O(+(!&7&F=&K=(B!Y(!M+*7FN(!%(O!F%9FEP89!F%8*!
M+*E+&''F%E!8P(9(!&%N!%(O(+! "#$9!8P&8!P(=M!L9!&,PF(7(!M(+U
6*+'&%,(!F%!9L,P!K&9F,!>(+%(=9!&9!'&8+F^U'&8+F^!'L=8FM=J!8P&8!F9!
31b! 6&98(+! 8P&%! 8P*9(! F%! 8P(! *M8F'FA(N! 7(%N*+c9! =FK+&+J!
W$Id\4! ;B;B! 4*'(! *6! *L+! ,*N(9! P&7(! K((%! =F,(%9(N! KJ!
ZV[S[\! &%N! F%,=LN(N! F%! W$Id\4! /B1B! [%! *L+! &MM+*&,P! O(!
8PF%>! *6! 8P(! "#$! &9! &! 'L=8F8P+(&N(N! 7(,8*+! L%F8! &%N! *L+! K(98!
&=E*+F8P'9! O(+(! 6*L%N! 8*! ,=*9(=J! +(9('K=(! (&+=F(+! 9*=L8F*%9!
6*L%N!6*+!7(,8*+!M+*,(99*+9B!

Y(! M(+6*+'! N(8&F=(N! K(%,P'&+>9! *6! 8P(! "#$! &%N! +(7(&=!
9*'(!*6!8P(!K*88=(%(,>9?!9L,P!&9!&,,(99!8*!8P(!*%U,PFM!'('*+J!
8P&8! K*L%N9! 8P(! M(+6*+'&%,(! *6! *L+! K(98! ,*N(9?! &%N! >(+%(=!
=&L%,P!*7(+P(&N!8P&8!M+*PFKF89!(66F,F(%8!6F%(UE+&F%!,*'ML8&8F*%9B!
-P(!K(%,P'&+>9!+(7(&=!8P(!98+L,8L+(! *6!8P(! "#$! '('*+J!9J9U
8('?!F%,=LNF%E!9FA(9!&%N!=&8(%,F(9!*6!8P(!d;!&%N!d/!,&,P(9!&%N!
-dIB! )*+!8P(!6F+98!8F'(!O(!F'M=('(%8!&%N! '(&9L+(!8P(!M(+6*+U
'&%,(! *6! &! E=*K&=! K&++F(+! 8P&8! +L%9! (%8F+(=J! *%! 8P(! "#$B! Y(!
K(=F(7(!8PF9!F9!&%!F'M*+8&%8!98(M!8*O&+N9! *M(+&8F%E! "#$9!OF8P!
=*O(+!W#$!F%8(+7(%8F*%B!

-*!&,PF(7(!8P(!K(98!M(+6*+'&%,(!F%!'&8+F^!6&,8*+FA&8F*%9!O(!
L9(!98&8(!*6!&+8!8(,P%FkL(9!9L,P!&9!=**>U&P(&N?!*7(+=&MMF%E!W#$!
&%N! "#$! ,*'ML8&8F*%?! &L8*8L%F%E?! 9'&+8(+! 7&+F&%89! *6! /U=(7(=!
K=*,>F%E?!&%N!,P**9F%E!8P(!+FEP8!'('*+J!=&J*L8l!O(!&=9*!L9(!&!
%*7(=! &=E*+F8P'! OF8P! '*NF6F(N! %L'(+F,9B! Y(! &%&=JA(! 8P(! M(+U
6*+'&%,(!*6!*L+!F'M=('(%8&8F*%9!F%!N(8&F=!8*!9P*O!8P&8!&==!,*'U
M*%(%89!*6!8P(!6F%&=!9J98('!+L%!&8!8P(!%(&+=J!*M8F'&=!+&8(9B!

]L+!K(98!9M((NLM9!79B!*%(!kL&N!,*+(!W#$!&+(!*7(+!<! !F%!&==!
8P+((!6&,8*+FA&8F*%9B!

-P(!+(98!*6!8PF9!M&M(+!F9!*+E&%FA(N!&9!6*==*O9B!4(,8F*%!/!N(U

9,+FK(9!8P(!&+,PF8(,8L+(! *6!8P(! "#$9!O(!L9(N?!PFEP=FEP8F%E!8P(!
6(&8L+(9!,*''*%!8*!7(,8*+!&+,PF8(,8L+(9B!4(,8F*%!:!K(%,P'&+>9!
*M(+&8F*%9!F%,=LNF%E! '('*+J!8+&%96(+?!>(+%(=!98&+8ULM?!&%N!K&+U
+F(+9?! &%N! L9(9! 8P(9(! 8*! &%&=JA(! 8P(! M(+6*+'&%,(! *6! 8P(! M&%(=!
6&,8*+FA&8F*%!*6!d$B!4(,8F*%!<!NF9,L99(9!8P(!N(9FE%!&%N!M(+6*+U
'&%,(! (7&=L&8F*%! *6! '&8+F^! 'L=8FM=F,&8F*%B!4(,8F*%!D!NF9,L99(9!
8P(! N(9FE%! *6! d$?! ef! &%N! WP*=(9>J?! &%N! 4(,8F*%! 3! (7&=L&8(9!
8P(F+! M(+6*+'&%,(B! 4(,8F*%! C! 9L''&+FA(9! &%N! N(9,+FK(9! 6L8L+(!
O*+>B!

2 GPU Architecture 
[%! 8PF9! O*+>! O(! &+(! ,*%,(+%(N! OF8P! M+*E+&''F%E! 0! 9(+F(9?! 2!
9(+F(9?!&%N!/11!9(+F(9!*6!ZV[S[\!"#$9?!&9!=F98(N!F%!-&K=(!;B!)*+!
8P(!N(9,+FM8F*%!*6!8P(F+!&+,PF8(,8L+(!9((!8P(!W$S\!M+*E+&''F%E!
ELFN(! iZV[S[\! /110&j?! 8(,P%F,&=! K+F(69! iZV[S[\! /113l!
ZV[S[\! /110Kj! &%N! =(,8L+(! 9=FN(9! F%! 8P(! ,*L+9(! *%! M+*E+&'U
'F%E! "#$9! &8! 8P(! $%F7(+9F8J! *6! [==F%*F9?! $+K&%&UWP&'M&FE%!
i@OL!&%N!HF+>!/11CjB!\NNF8F*%&=!F%9FEP89!,&%!K(!6*L%N!F%!!"#$%
!&; ?!OPF,P!F9!&!8PF+NUM&+8J!NF9&99('K=(+!*6!"#$!KF%&+F(9!K&9(N!
*%!+(7(+9(U(%EF%((+F%E!*6!8P(!%&8F7(!F%98+L,8F*%!9(8B!-P(!F%98+L,U
8F*%!9(8!,&==(N!#-.!8P&8!O&9!+(=(&9(N!KJ!7(%N*+!F9!&%!&K98+&,8F*%!
8P&8!+(kLF+(9!6L+8P(+!,*'MF=&8F*%!&%N!9*!M+*7FN(9!6(O(+!F%9FEP89B!

2.1 Notation 
-P(!"#$!M+*E+&''F%E!'*N(=!L9(N!F%!8P(!W$S\!M+*E+&''F%E!
(%7F+*%'(%8!iZV[S[\! /110&j!K*++*O9! 'L,P!6+*'!&K98+&,8F*%9!
L9(N!F%!E+&MPF,9?!(BEB!9L,P!&9!L9(N!F%!8P(!SF+(,8.!&%N!]M(%"d!
98&%N&+N9B!"#$!M+*E+&'9!&+(!+L%!&9!,*==(,8F*%9!*6!9,&=&+!8P+(&N9!
8P&8! +L%! 6&98(+! F6! 8P(J! +('&F%! ,*%7(+E(%8! F%! &%! 4[QS! 6&9PF*%B!
4F'F=&+=J?! F%NF7FNL&=! &+F8P'(8F,! MFM(=F%(9! 8P&8! (^(,L8(! 9,&=&+!
F%98+L,8F*%9! &+(! (^M*9(N! &9! F%NF7FNL&=! M+*,(99F%E! ,*+(9B! )*+!
(^&'M=(?!8P(!8(,P%F,&=!K+F(6!*%!8P(!=&8(98!"#$!iZV[S[\!/110Kj!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
; !P88MRGGOOOB,9B+LEB%=GhO=&NF'F+GN(,LN&G!
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!

N(8&F=9! /<1!m9,&=&+!M+*,(99F%E! ,*+(9n!&%N! :1!nN*LK=(UM+(,F9F*%!
3<UKF8!M+*,(99F%E!,*+(9nB!

Y(!9((>!&!'*+(!8+&NF8F*%&=!(^M*9F8F*%!*6!8P(!"#$!&+,PF8(,U
8L+(!&%N!&88('M8!*%(!K(=*OB!

-P(!W$S\! '&%L&=!F%8+*NL,(9!E+*LM9! *6! :/!M&+&==(=!9,&=&+!
8P+(&N9!,&==(N!mO&+M9nB!m'()&*+(","#$-".( /0"(#/11/0(20.-*$#%
-2/0(&-(&(-21"n!iZV[S[\!/110&?!WPB!:B;j!F9!&%*8P(+!O&J!*6!9&JU
F%E!8P&8!O&+M!F9!&!98+(&'! *6!7(,8*+!F%98+L,8F*%9B!4,&=&+!8P+(&N9!
&+(!8P(%!7(,8*+!(=('(%89B!4F'F=&+=J!8*!*8P(+!7(,8*+!&+,PF8(,8L+(9!
&%N! L%=F>(! 4[QS! (^8(%9F*%9! 9L,P! &9! [%8(=c9! 44`?! &! M&+8F,L=&+!
7&=L(!*6!8P(!7(,8*+!=(%E8P!_34a!F9!%*8!9M(,F6F(N!&8!8P(![4\!=(7(=B!
[%98(&N?!F8! ,&%!K(! kL(+F(N!F%!8P(!+L%8F'(! iZV[S[\! /110&?!WPB!
<B/B<BDjB!4*?!&!"#$!M+*E+&'! ,*'MF=(N!*%,(!OF==!+L%!*%!"#$9!
OF8P!NF66(+(%8!7(,8*+!=(%E8P9B!

W$S\! N(6F%(9! m'L=8FM+*,(99*+n! &9! &! ,=L98(+! ,*'M+F9(N! *6!
*%(! F%98+L,8F*%! F99L(! L%F8?! 0! 9F%E=(! M+(,F9F*%! Q\S! MFM(=F%(9!
_,&==(N! 4#a?! /! 8+&%9,(%N(%8&=! 6L%,8F*%! L%F89! _,&==(N! 4)$a?! ;!
N*LK=(! M+(,F9F*%! Q\S! MFM(=F%(! _O(! ,&==! F8! S#a! &%N! &! ;3HI!
=*,&=!98*+(!&=9*!,&==(N!9P&+(N!'('*+JB![%!8PF9!,*==(,8F*%!*6!6L%,U
8F*%&=! L%F89! O(!+(,*E%FA(! OP&8!F9! L9L&==J! ,&==(N! m&! ,*+(nB! `BEB!
*%(!,*+(!F%![%8(=!W*+(/!&+,PF8(,8L+(!&=9*!P&9!*%(!F%98+L,8F*%!L%F8?!
'&%J!&+F8P'(8F,!MFM(=F%(9!&%N!,&%!(^(,L8(!'L=8FM=(!9,&=&+!*M(+&U
8F*%9! (&,P! ,J,=(B!Y(!L9(!8(+'!m7(,8*+! ,*+(n!8*! ('MP&9FA(!8P&8!
"#$!,*+(9!P&7(!%*!9,&=&+!,&M&KF=F8F(9B!

-P*9(!&++&J9!*6!9,&=&+!&+F8P'(8F,!L%F89!*%!(&,P! ,*+(! ,&%!K(!
L%N(+98**N! &9! 'L=8FU=&%(! &+F8P'(8F,! L%F89! 8P&8! &+(! ,*''*%! F%!
7(,8*+! &+,PF8(,8L+(9B! -P(! ML+M*9(! *6! +(M=F,&8F%E! =&%(9! F9! 8*! F%U
,+(&9(! 8P+*LEPML8B! 4*! 6L==J! MFM(=F%(N! 4#?! 4)$! &%N! S#! L%F89!
P&7(!8P+*LEPML8!*6!<?! ;3!&%N! :/! ,=*,>9!M(+!F%98+L,8F*%!+(9M(,U
8F7(=JB!

\!m8P+(&N!K=*,>n!F9!N(6F%(N!&9!&!,*==(,8F*%!*6!O&+M9!8P&8!+L%!
*%!8P(!9&'(!,*+(!&%N!9P&+(!&!M&+8F8F*%!*6!=*,&=!98*+(B!-P(!%L'K(+!
*6!O&+M9!F%!8P(!8P+(&N!K=*,>!F9!,*%6FEL+&K=(B!\9!&!8P+(&N!K=*,>!F9!
L9L&==J!*M(+&8(N!F%!&%!4#QS!6&9PF*%?!6*+!M+*E+&''F%E!ML+M*9U
(9!F8!,&%!K(!,*%9FN(+(N!&9!&!9F%E=(!8P+(&N!*6!7(,8*+!F%98+L,8F*%9B!
-P+(&N! K=*,>! 9FA(! F%! 8PF9! ,&9(! F9! 8P(! M+*E+&''&K=(! 7(,8*+!
=(%E8PB!

2.2 Strip Mining on the GPU 
#&+8F8F*%F%E!*6!=*%E!7(,8*+9!F%8*!O&+M9!KJ!8P(!"#$!(%7F+*%'(%8!
,*++(9M*%N9!8*!98+FM!'F%F%E!F%8*!F%N(M(%N(%8!F%98+L,8F*%!98+(&'9B!
-PF9! F9! &%! &=8(+%&8F7(! 8*! 8P(! '*+(! 8+&NF8F*%&=! 98+FM! 'F%F%E! F%8*!
F%N(M(%N(%8! F%98+L,8F*%9! F%! 8P(! 9&'(! F%98+L,8F*%! 98+(&'B! )*+!
(^&'M=(?! &%! *M(+&8F*%! *%! &! D;/U(=('(%8! 7(,8*+! *%! &! '&,PF%(!
OF8P!34!o!:/!F9!8+&NF8F*%&==J!M(+6*+'(N!&9!;3!F%N(M(%N(%8!7(,8*+!
F%98+L,8F*%9B! -P(! "#$! &==*O9! _KL8! %*8! +(kLF+(9a! NF98+FKL8F%E!
8P(9(!;3!F%N(M(%N(%8!F%98+L,8F*%9!&,+*99!;3!F%98+L,8F*%!98+(&'9B!
-PF9!F9!N*%(!8*!F'M+*7(!M(+6*+'&%,(!F%!K+&%,PF%E!T!&99*,F&8U
F%E!&%!F%NF7FNL&=!M+*E+&'!,*L%8(+!OF8P!&!9P*+8!9LK9(8!*6!&!=*%E!
7(,8*+!&==*O9!9>FMMF%E!K+&%,P(9!%*8!8&>(%!KJ!8PF9!9LK9(8!+&8P(+!
8P&%!'&9>F%E!8P('!*66B!

@*O(7(+?!98+FM! 'F%F%E!F%8*!F%N(M(%N(%8!F%98+L,8F*%!98+(&'9!
F9! (^M(%9F7(! &9! F8! +(kLF+(9! +(M=F,&8F%E! +(EF98(+! N&8&! &,+*99! &==!
F%98+L,8F*%!98+(&'9!F%!8P(!8P+(&NB!)*+!(^&'M=(?!&!M+*E+&'!*M(+U
&8F%E!*%!D;/U(=('(%8!7(,8*+9!,*%9L'(9!/HI!*6!+(EF98(+!6F=(!M(+!
(7(+J! M*F%8(+?! 8('M*+&+J! 7&=L(! *+! 9,&=&+! 7&=L(! N(6F%(N! F%! 8P(!
9,&=&+!8P+(&N!&9!&!:/UKF8!+(EF98(+!7&+F&K=(B!

\%*8P(+!&99*,F&8(N!*7(+P(&N!F9!8P(!M&+8F8F*%F%E!*6!8P(!+(EF9U
8(+! N&8&! F%8*! M+F7&8(! +(EF98(+! 9M&,(9! &99*,F&8(N! OF8P! NF66(+(%8!
F%98+L,8F*%!98+(&'9!F%!8P(!8P+(&NB!\,,(99F%E!8P(!N&8&!+(9FNF%E!F%!
8P(! +(EF98(+! 9M&,(! *6! &%*8P(+! O&+M! +(kLF+(9! 98&EF%E! F8! 7F&! 8P(!
=*,&=!98*+(?!OPF,P!F%,L+9!,*989B!

Z*8(!8P&8!8P(!%L'K(+!*6!F%N(M(%N(%8!F%98+L,8F*%9!9LMM=F(N!KJ!
&! M+*E+&'! N*(9! %*8! N(M(%N! *%! 8P(! >F%N! *6! 98+FM! 'F%F%E! L9(NB!
YP(8P(+!F%N(M(%N(%8!F%98+L,8F*%9!,*'(!F%!8P(!9&'(!*+!NF66(+(%8!
98+(&'9?!8P(J!PFN(!'('*+J!&%N!MFM(=F%(!=&8(%,F(9B!!

-*!9L''&+FA(?!*%(!9P*L=N!L9(!&9!9P*+8!7(,8*+9!&9!M*99FK=(!8*!
&7*FN!8P(! (^8+&! ,*989!&99*,F&8(N!OF8P!9M+(&NF%E!8P(!N&8&!&,+*99!
'&%J!O&+M9B!4((!4(,8F*%!:B3!6*+!8P(!(7&=L&8F*%!*6!8P(!'F%F'L'!
7(,8*+!=(%E8P!8P&8!N*(9!%*8!,*'M+*'F9(!8P+*LEPML8!&%N!4(,8F*%!
<B:! 6*+! 8P(! ,*'M&+F9*%! *6! =*%EU7(,8*+! &%N! 9P*+8U7(,8*+! F'M=(U
'(%8&8F*%9!*6!8P(!9&'(!+*L8F%(B!

2.3 Using Register File vs. Using Shared Memory 
-P(! =&+E(98! &%N! 8P(! 6&98(98! =(7(=! *6! 8P(! *%U,PFM! '('*+J! PF(U
+&+,PJ!F9!8P(!+(EF98(+!6F=(B! [8!M+*7FN(9! :/g3<HI!9M&,(!M(+! ,*+(!
&%N!LM!8*! ;B2QI!9M&,(!6*+!8P(! (%8F+(! ,PFMB! f(EF98(+U8*U+(EF98(+!
F%98+L,8F*%9!&,PF(7(!8P(!M(&>!F%98+L,8F*%!8P+*LEPML8!F6!8P(!7(,8*+!
=(%E8P!F9!=&+E(!(%*LEPB!

4P&+(N!'('*+J!F9!&!9'&==(+!&%N!9=*O(+!=(7(=!*6!8P(!*%U,PFM!
'('*+J! PF(+&+,PJB! ]%=J! ;3HI! *6! 9P&+(N! '('*+J! F9! M+*7FN(N!
M(+! ,*+(! &%N! *%=J! *%(! 9P&+(N! '('*+J! *M(+&%N! F9! &==*O(N! M(+!
F%98+L,8F*%! _&,,*+NF%E! 8*!!"#$!& aB! )*+! (^&'M=(?! &8! =(&98! 8O*!
F%98+L,8F*%9! &+(! +(kLF+(N! 8*! ,*MJ! N&8&! 6+*'! *%(! =*,&8F*%! F%!
9P&+(N! '('*+J! 8*! &%*8P(+B! )L+8P(+'*+(?! F%98+L,8F*%9! 8P&8! L9(!
*M(+&%N9! F%! 9P&+(N! '('*+J! '&J! +L%! &8! =*O(+! 8P+*LEPML8! &9!
6*L%N!F%!4(,8F*%!:BCB!

[6!8P(!&=E*+F8P'!M(+'F89?!9P&+(N!'('*+J!9P*L=N!K(!L9(N!=(99!
F%8(%9F7(=J!F%!6&7*+!*6!L9F%E!8P(!+(EF98(+!6F=(B!

3 Microbenchmarks 

3.1 Kernel Launch Overhead 
-P(! 'F%F'L'! 8F'(! 8*! &9J%,P+*%*L9=J! F%7*>(! &! "#$! >(+%(=!
L9F%E!(F8P(+!8P(!=*OU=(7(=!*+!8P(!PFEPU=(7(=!W$S\!\#[!O&9!:gC!
" 9! &,+*99! &! 7&+F(8J! *6! 9J98('9!(kLFMM(N! OF8P! NF66(+(%8! "#$9?!
*M(+&8F%E!9J98('9!&%N!W$S\!7(+9F*%9B! -PF9!O&9! '(&9L+(N!KJ!
&9J%,P+*%*L9=J!F%7*>F%E!8P(!9&'(!>(+%(=!&!7(+J!=&+E(!%L'K(+!*6!
8F'(9!&%N!9J%,P+*%FAF%E!*%,(!&8!8P(!(%NB!-P(!M+*E+&'!L9(N!O&9!
8P(!9F'M=(98!M*99FK=(?!9L,P!&9!,*MJF%E!*%(!O*+N!6+*'!*%(!=*,&U
8F*%!F%!8P(!"#$! '('*+J!8*!&%*8P(+B!-PF9!(%9L+(9!8P&8!8P(!M+*U
E+&'! +L%8F'(! N*(9! %*8! ,*%8+FKL8(! 9LK98&%8F&==J! 8*! 8P(! *7(+&==!
8F'(B! -P(! 8F'(! F%,+(&9(9! 8*! ;1g;<!" 9! OP(%! 9J%,P+*%FAF%E! &8!
(&,P!>(+%(=!F%7*,&8F*%B!-PF9!9P*O9!8P(!(^M(%9(!*6!9J%,P+*%FA&U
8F*%B!

-*!(%9L+(!8P&8!O(!N*!%*8!9&,+F6F,(!M(+6*+'&%,(!KJ!,P**9F%E!
W$S\!6*+!M+*E+&''F%E!8P(! "#$!O(!&=9*! '(&9L+(N!8P(! *7(+U
P(&N9!F%!SF+(,8.!2B1,?!OPF,P!F9!&! '&8L+(!E+&MPF,9! \#[!OFN(=J!
L9(N!F%! ,*'ML8(+!E&'(9B! -P(!8F'F%E9!O(+(!Cg0!" 9!6*+!F%7*,&U
8F*%! &=*%(! &%N! /1g/:!" 9! 6*+! F%7*,&8F*%! OF8P! 9J%,P+*%FA&8F*%!
_9J%,P+*%FA&8F*%! F9! +(kLF+(N! OP(%! ,*'ML8F%E! OF8P! SF+(,8.! 8*!
(%9L+(! ,*++(,8%(99?! KL8! %*8! F%! W$S\aB! -PF9! F%NF,&8(9! 8P&8!
W$S\!F9!&9! (66F,F(%8!&9!*+!K(88(+!8P&%!SF+(,8.!F%!8(+'9! *6!8P(!
=&L%,P!*7(+P(&NB!

3.2 CPU-GPU Data Transfers 
]L+!M+F'&+J!9J98('!F9! (kLFMM(N!OF8P!&!#W[(! ;B;!! ;3!F%8(+6&,(!
8P&8!K*L%N9!8P(!K&%NOFN8P!*6!8P(!W#$U"#$!=F%>!KJ!<!"FIG9B!Y(!
6*L%N!8P&8!8+&%96(++F%E!,*%8FEL*L9!MF(,(9!*6!N&8&!OF8P!9FA(9!6+*'!
;! KJ8(! 8*! ;11! QI! =*%E! &,+*99! 8PF9! =F%>! L9F%E! MF%%(N! '('*+J!
8&>(9!&K*L8!

.56
!-*&0.7"**"89-".

.:21"
G:B:

!
;; #$ " B!!!!!!!!!!!!!! !_;a!

-PF9!6F89!8P(!'(&9L+(N!N&8&!OF8PF%!&!6(O!M(+,(%8B!4F'F=&+!6F88F%E!
*%! *8P(+! 9J98('9! JF(=N(N! 9F'F=&+! &,,L+&,J! OF8P! NF66(+(%8! %L'U
K(+9?!9L,P!&9!;1g;C!" 9!*7(+P(&N9!&%N!!/B/g:B<!"IG9!K&%NOFN8P9B!

YP(%!L9F%E!8O*!"#$9!F%!8P(!9J98('?!8+&%96(+!8*!8P(!9(,*%N!
"#$!+L%!*%=J!&8!LM!8*!;B0"IG9?!FB(B!&K*L8!OP&8!*%(!'&J!(^M(,8!
6+*'!#W[(!;B;! ! 0B!-PF9!+(9L=8!O&9!*K8&F%(N!OP(%!L9F%E!7&+F*L9!
! ;3!9=*89!F%!8P(!%)*+,(!301F!4d[!'*8P(+K*&+NB!
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!
)FEL+(!;R!Q('*+J!=&8(%,J!&9!+(7(&=(N!KJ!8P(!M*F%8(+!,P&9F%E!

K(%,P'&+>!*%!"()*+,(!0011!"-.!6*+!NF66(+(%8!>F%N9!*6!'('*+J!
&,,(99(9B!\++&J!9FA(!F9!9P*O%!F%!8P(!K*^(9B!W&,P(N!&,,(99!

&99L'(N!L%=(99!*8P(+OF9(!9M(,F6F(NB!I=L(?!+(N!&%N!E+((%!=F%(9!
PFEP=FEP8!DHI!,&,P(?!;2/!HI!,&,P(?!&%N!D;/HI!'('*+J!M&E(9!
+(9M(,8F7(=JB!4*=FN!K=&,>!F9!%*%U,&,P(N!&,,(99?!N&9P(N!K=&,>!F9!

=*,&=!'('*+JB!

)FEL+(!/R!4L''&+J!*6!8P(!'('*+J!9J98('!*6!0011"-.!&,,*+NU
F%E!8*!*L+!98LNJB!4FA(9!*6!8P(!*%U,PFM!'('*+J!=(7(=9!&+(!9P*O%!
F%!8P(!9&'(!9,&=(B!d&8(%,F(9!9P*O%!&+(!6*+!8P(!,&,P(N!&,,(99B!

Z*8(!8P(!9'&==!d;!,&,P(9!&%N!=&+E(!+(EF98(+!6F=(9B!!

]M(+&8F%E!OF8P!8O*! "#$9! ,*%,L++(%8=J!M*9(9!%(O!NF66F,L=U
8F(9B!W$S\!+(kLF+(9!&88&,PF%E!(&,P!W#$!8P+(&N!8*!&!6F^(N!"#$!
,*%8(^8?!9*!'L=8FM=(!W#$!8P+(&N9!'L98!K(!,+(&8(NB!\,,*+NF%E!8*!
*L+! (^M(+F(%,(?! MF%%F%E! *6! '('*+J! F9! (66(,8F7(! *%=J! OF8P! 8P(!
"#$!,*%8(^8!8P&8!M(+6*+'(N!8P(!'('*+J!&==*,&8F*%B!]8P(+!"#$!
,*%8(^89!M(+6*+'!&8!%*%UMF%%(N!+&8(9!OP(%! *M(+&8F%E!OF8P!8PF9!
'('*+J!9M&,(B!4*?!F6!8O*!"#$!,*%8(^89!+L%!8+&%96(+9!&,+*99!8P(!
9&'(! '&F%! '('*+J!=*,&8F*%9?!&8!=(&98! *%(! *6!8P(! ,*%8(^89!OF==!
+L%!&8!8P(!%*%UMF%%(N!8+&%96(+!+&8(?!OPF,P!F9!&K*L8!/! !=*O(+B!

I(%,P'&+>9!*%!&!6(O!NF66(+(%8!'&,PF%(9!OF8P!#W[(!/B1!! ;3!
P&7(!9P*O%!:B2g3B;!"IG9!8+&%96(+!+&8(9B!

3.3 GPU Memory System 
-P(! 7(%N*+c9! '&%L&=9! 9LMM=J! =F'F8(N! F%6*+'&8F*%! *%! 8P(! "#$!
,&,P(9B! -P(! W$S\! M+*E+&''F%E! ELFN(! 9M(,F6F(9! &%! 3g0HI!
,&,P(!O*+>F%E!9(8!M(+!7(,8*+!,*+(!iZV[S[\!/110&?!WPB!\B;j?!FB(B!
23g;/0HI! 6*+!8P(! (%8F+(!0011"-.! ,PFM!_8P(+(!F9!&=9*!&! ,&,P(!
6*+! 9'&==! ,*%98&%8! '('*+J! 8P&8! O(! =(&7(! *L8! *6! 9,*M(! F%! 8PF9!
M&M(+aB!@(!(8!&=B!i/11Cj!(98F'&8(!8P(!9FA(!*6!8P(!0011"-.!,&,P(!
8*!K(!:2/HIB!Z*%(!*6!8P('!NF66(+(%8F&8(!=(7(=9!*6!,&,P(B!@*OU
(7(+?!9*'(!*6!8P(!7(%N*+c9!'&%L&=9!N(8&F=!*%(!d;!,&,P(!M(+!8O*!
,*+(9!&%N!9F^!d/!,&,P(9!*%!0011"-.!iZV[S[\!/113jB!d;!,&,PU
(9!&+(!,*%%(,8(N!OF8P!d/!,&,P(9!7F&!&!,+*99K&+B!

Y(! L9(! &! 8+&NF8F*%&=! M*F%8(+! ,P&9F%E! K(%,P'&+>! 9F'F=&+! 8*!
8P&8!L9(N?!6*+! (^&'M=(?!F%!dQI(%,P/ !8*!+(7(&=!8P(!=&8(%,J!&%N!
98+L,8L+(!*6!8P(! '('*+J!9J98('B! [8!8+&7(+9(9!&%!F%8(E(+!&++&J!' !
KJ!+L%%F%E!=!o!' i=j!F%!&!=*%E!L%+*==(N!=**M?!JF(=NF%E!8P(!8F'(!
M(+! *%(!F8(+&8F*%B! -PF9!8F'(!F9!N*'F%&8(N!KJ!8P(!=&8(%,J! *6!8P(!
'('*+J!&,,(99B!-P(!8+&7(+9&=!F9!N*%(!F%!*%(!9,&=&+!8P+(&N?!&%N!
9*!L8F=FA(9!*%=J!*%(!"#$!,*+(!&%N!'&J!%*8!9((!,&,P(9!&99*,F&8(N!
OF8P!*8P(+!,*+(9B!-P(!&++&J!F9!F%F8F&=FA(N!OF8P!&!98+FN(?!FB(B!' i=j!o!
=(p!.-*2!"!'*N! &**&9(.2>"B!Y(!8(98!,&,P(N!&%N!%*%U,&,P(N!'('U
*+J!&,,(99!8*!8P(!*66U,PFM!'('*+J!&%N!&=9*!&,,(99!8*!8P(!9P&+(N!
'('*+J! _F%! OPF,P! ,&9(! N&8&! F9! 6F+98! ,*MF(N! 6+*'! 8P(! *66U,PFM!
'('*+J!&%N!8PF9!8F'(!F9!=&8(+!9LK8+&,8(NaB! f(9L=89!6*+!NF66(+(%8!
&++&J!9FA(9!&%N!98+FN(9!*%!8P(!0011"-.!&+(!9P*O%!F%!)FEB!;B!

\!=&+E(+!=&8(%,J!F%NF,&8(9!'*+(!,&,P(!'F99(9B!-P(!&++&J!9FA(!
N(6F%(9!8P(!O*+>F%E!9(8!&%N!+(7(&=9!8P(!,&,P(!9FA(?!9L,P!&9!DHI!
&%N!;2/HI!F%!8P(!)FEL+(B!-P(!PFEP(+!=&8(%,J!*6!8P(!=*%EU98+FN(!
%*%U,&,P(N!&,,(99!F%NF,&8(9!8P(!M+(9(%,(!*6!&!-dI?!OPF,P!F9!%*8!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
/ !P88MRGGOOOBKF8'*7(+B,*'G='K(%,P!

*66F,F&==J!N*,L'(%8(N!8*!8P(!K(98!*6!*L+!>%*O=(NE(B!-P(!98+FN(!
+(7(&=9! ,&,P(! =F%(9! &%N! '('*+J! M&E(9?! 9L,P! &9! :/! KJ8(9! &%N!
D;/HI!F%!8P(!)FEL+(B!YP(%!8P(!98+FN(!F9!7(+J!=&+E(?!8P(!O*+>F%E!
9(8!N(,+(&9(9!L%8F=!F8!&E&F%!6F89!F%!8P(!,&,P(?!8PF9!8F'(!M+*NL,F%E!
,*%6=F,8!'F99(9!F6!8P(!,&,P(!F9!%*8!6L==J!&99*,F&8F7(B!-P(!N&8&!F%!
)FEB!;!9LEE(989!&!6L==J!&99*,F&8F7(!;3U(%8+J!-dI!_%*!-dI!*7(+U
P(&N!6*+!;/0QI!&++&J?!0QI!98+FN(a?!&!/1UO&J!9(8!&99*,F&8F7(!d;!
,&,P(!_/1HI!&++&J!&8!;HI!98+FN(!6F89!F%!d;a?!&%N!&!/<UO&J!9(8U
&99*,F&8F7(!d/! ,&,P(!_K&,>!8*!d/!PF8!=&8(%,J!6*+!C30HI!&++&J?!
:/HI!98+FN(aB!-P(9(!&+(!8P(!(66(,8F7(!%L'K(+9!&%N!8P(!+(&=!F'U
M=('(%8&8F*%! 'FEP8! K(! NF66(+(%8B! 4F^! <UO&J! 9(8U&99*,F&8F7(! d/!
,&,P(9!'&8,P!8PF9!N&8&!&9!O(==B!

\,,*+NF%E!8*!8PF9!N&8&?!d;!,&,P(!P&9!;31!,&,P(!=F%(9!*%=J!_F%!
0! 6L==J! &99*,F&8F7(! 9(89aB! -PF9! M+*'F9(9! &! ;11b! 'F99! +&8(! F%!
(7(+J! ,&,P(N!&,,(99!L%=(99!9,&=&+!8P+(&N9!&+(!9L66F,F(%8=J!,**+U
NF%&8(N!8*!9P&+(!,&,P(!=F%(9B!

)FEB! ;! &=9*! +(7(&=9! &! <C1%C/1! ,J,=(! =&8(%,J! %*%U,&,P(N!
'('*+J!&,,(99!8P&8!+*LEP=J!'&8,P(9!8P(!*66F,F&=!<11%311!,J,=(!
6FEL+(!iZV[S[\!/110&?!WPB!DB;B;B:jB!

-*!6F%N!8P(!8*8&=!&'*L%8! *6!8P(!M&+8F8F*%(N! ,&,P(! '('*+J?!
O(!+L%!&! 'L=8F8P+(&N(N!8(98!8P&8!L8F=FA(9!&==! ,*+(9B!Y(!+L%!*%(!
8P+(&N!M(+! ,*+(!_8PF9!F9! (%6*+,(N!KJ!P*=NF%E!&!=&+E(!&'*L%8! *6!
9P&+(N! '('*+J! M(+! 8P+(&Na?! (&,P! 8+&7(+9F%E! 8P+*LEP! &! M+F7&8(!
&++&J!9*!8P&8!8P(F+!O*+>F%E!9(89!N*!%*8!*7(+=&MB!-P(!+(9L=89!'&8,P!
8P(!*66F,F&=!N&8&?!OF8P!8P(!(66(,8F7(!9FA(!*6!d;!,&,P(!9,&=F%E!OF8P!
8P(!%L'K(+!*6!,*+(9B!`66(,8F7(!d/!,&,P(!9FA(!NFN!%*8!9,&=(B!)FEB!/!
9L''&+FA(9! 8P(! M&+&'(8(+9! *6! '('*+J! 9J98('! *6! 0011"-.!
F%,=LNF%E!8P(!6F%NF%E9!,F8(N!&K*7(B!#+(=F'F%&+J!98LNJ!9P*O9!8P&8!
-dI!&=9*!9,&=(9!OF8P!%L'K(+!*6!,*+(9B!

4F'F=&+!8(989!6*+!9*'(!*8P(+!"#$9!F%!8P(!0U9(+F(9!9LEE(98(N!
8P(! 9&'(! 9FA(9! *6! d;! ,&,P(9! _DHI! M(+! /! ,*+(9a! &%N! -dI! _;3!
(%8+F(9!M(+!-dIa?!&%N!9P*O(N!8P&8!d/! ,&,P(9!9,&=(!&9! '('*+J!
MF%9R! :/HI! 6*+! (&,P! 3<! MF%9! _8*! '&8,P! 3! ,&,P(9! F%! 8P(! 0011!
"-.!iZV[S[\!/113jaB!\=9*?!F8!'&8,P(9!;/0QI!'('*+J!M(+!3<!
'('*+J! MF%9! *%! '*98! "#$9?! KL8! 8OF,(! &9! 'L,P! *%! eL&N+*!
).D311B!]L+!EL(99!F9!8P&8!d/!"#$! ,&,P(9!&+(!9F'F=&+!F%!6L%,U
8F*%! 8*! 8P(! P*8U9M*8! ,&,P(9! *%! 8P(! (&+=F(+! PFEP=J! 'L=8F8P+(&N(N!
M+*,(99*+9!9L,P!&9!-(+&!Q-\! i\=7(+9*%!(8!&=B!;221j!8P&8!O(+(!
N(9FE%(N!8*!&==(7F&8(!,*%8(%8F*%!&8!'('*+J!K&%>9B!

d&8(%,F(9! (^M+(99(N! F%! ,J,=(9!O(+(! &K*L8! 9&'(! &,+*99! 6(O!
"#$9!F%!8P(!0U9(+F(9B!Z*8(!8P&8!&%!d;!,&,P(!PF8!,*989!&K*L8!/01!
,J,=(9! OPF,P! F9! &K*L8! P&=6! *6! 8P(! '('*+J! &,,(99! =&8(%,JB! \,U
,*+NF%E!8*!8P(!7(%N*+c9!'&%L&=?!8P(!ML+M*9(!*6!8P(!"#$!,&,P(!F9!
8*! +(NL,(! mSf\Q! K&%NOFN8P! N('&%N?! KL8! %*8! 6(8,P! =&8(%,Jn!
iZV[S[\!/110&?!WPB!DB;B/B<jB![%8(+(98F%E=J?!8P(!9&'(!ML+M*9(!F9!
6*==*O(N!F%!8P(!N(9FE%!*6!8P(!7(,8*+!,&,P(!F%!8P(!W+&J!I=&,>YFU



!

!

N*O!7(,8*+!,*'ML8(+!i\K89!(8!&=B!/11CjB!
!d&8(%,J!8*!8P(!9P&+(N!'('*+J!F9!&%!*+N(+!*6!'&E%F8LN(!=(99!

8P&%!8*!8P(!,&,P(!& !:3!,J,=(9B!Y(c==!9((!9P*+8=J!8P&8!F8!F9!,=*9(!
8*!8P(!MFM(=F%(!=&8(%,JB!

3.4 Pipeline Latency 
-*! '(&9L+(! MFM(=F%(! =&8(%,J! O(! (^(,L8(! N(M(%N(%8! *M(+&8F*%9!
9L,P!&9!&!o!&(q!8!p!#!*+!&!o!=*E/ !r&?!'&%J!8F'(9!F%!&%!&EE+(99F7(U
=J!L%+*==(N!=**M?!*%(!9,&=&+!8P+(&N!M(+!(%8F+(!"#$B!!_Y(!&99L'(!
8P&8! 9F'F=&+=J!8*! &9! N*%(! *%! \QS! "#$9! i\QS! /113j?! 8&>F%E!
&K9*=L8(! 7&=L(! *6! &%! &+EL'(%8! N*(9! %*8! +(kLF+(! &! 9(M&+&8(! F%U
98+L,8F*%Ba!Y(!L9(N!!"#$!& !8*!(%9L+(!8P&8!8PF9!*M(+&8F*%!'&M9!8*!
&! 9F%E=(! %&8F7(! F%98+L,8F*%! 6*+! &==! KL8! N*LK=(! M+(,F9F*%! 8(989!
OPF,P!&+(!%*8!9LMM*+8(N!KJ!8PF9!8**=B!Y(! '&N(!9L+(!8P&8!&+F8PU
'(8F,!N*(9!%*8!*7(+6=*O?!KL8!&99L'(!8P&8!(^(,L8F*%!L%F89!&+(!%*8!
*M8F'FA(N! 6*+! 9M(,F&=! 7&=L(9! *6! *M(+&%N9?! 9L,P! &9! 1! *+! ;B! -P(!
6*==*OF%E! 8&K=(! =F989! 8P(! &7(+&E(! 8F'(! M(+! F%98+L,8F*%! F%! ,J,=(9!
6*+!"#$9!F%!-&K=(!;!_N(,F'&=!6+&,8F*%9!&+(!%*8!9P*O%!KL8!&+(!' !
1B;aR!
!

]M(+&8F*%! $%F8!"-./01! *8P(+!"#$9!

&!o!&!p!8?!&!o!&!q!8!

4#!

/<! /1!

9&'(!OG!8!F9!F%!9'('! /3! /<!

&!o!&(q!8!p!#! /<! /<!

9&'(!OG!8!F9!F%!9'('! /0! /3!

&(o!;/@A_r&ra?!&(o!*.B*-_&a! 4)$! /0! /3!

&!o!&!p!8?!&!o!&!q!8!
S#!

<0! T!

&!o!&(q!8!p!#! D/! T!
!

)*+! (^&'M=(?! 8P(! +(EF98(+U8*U+(EF98(+! 'L=8FM=JU&%NU&NN! F%U
98+L,8F*%!+L%9!&8!/<!,J,=(9!8P+*LEPML8!M(+!F%98+L,8F*%B!-PF9!%L'U
K(+!F9!3! !=&+E(+!8P&%!&8!8P(!M(&>!8P+*LEPML8!&%N!F9!&%!(98F'&8(!*6!
8P(!MFM(=F%(!=&8(%,JB!/<!,J,=(!=&8(%,J!'&J!K(!PFNN(%!KJ!+L%%F%E!
9F'L=8&%(*L9=J! 3! O&+M9! *+! ;2/! 9,&=&+! 8P+(&N9! M(+! 7(,8*+! ,*+(?!
OPF,P!(^M=&F%9!8P(!%L'K(+!,F8(N!F%!8P(!W$S\!ELFN(!iZV[S[\!
/110&?!WPB!DB;B/B3jB!Z*8(?!8P&8!3!F%98+L,8F*%!98+(&'9!F9!8P(!=&+EU
(98! %L'K(+! 8P&8! '&J! K(! +(kLF+(N! 8*! PFN(! 8PF9! =&8(%,JB! 4'&==(+!
%L'K(+!'&J!&=9*!K(!9L66F,F(%8!F6!F%98+L,8F*%!=(7(=!M&+&==(=F9'!F9!
M+(9(%8!OF8PF%!8P(!98+(&'9B!-PF9!F9!&%!(^&'M=(!OP(+(!98+FM!'F%U
F%E!F%8*!9&'(!*+!F%N(M(%N(%8!O&+M9!'&>(9!%*!NF66(+(%,(B!!

d&8(%,J!*6!4#!&%N!4)$!MFM(=F%(9!F9!9F'F=&+B!d&8(%,J!*6!8P(!
N*LK=(! M+(,F9F*%! MFM(=F%(! F9! 9LK98&%8F&==J! =&+E(+! 8P&%! F%! 9F%E=(!
M+(,F9F*%B!@*O(7(+?!=(99!M&+&==(=F9'!F9!%((N(N!F6!*7(+=&MMF%E!F8!
OF8P! *8P(+! N*LK=(! M+(,F9F*%! F%98+L,8F*%9! &9! 8P(J! +L%! &8! =*O!
8P+*LEPML8B!

3.5 GPU Memory Bandwidth 
-P(!8&K=(!K(=*O!=F989!MF%!K&%NOFN8P9!&%N!8P(F+!6+&,8F*%9!&88&F%(N!
OP(%! ,*MJF%E! 7(+J! =&+E(! K=*,>9! *6! N&8&! F%! 8P(! "#$! '('*+JB!
-P(!m&=FE%(N!,*MJn!%L'K(+9!F%!8P(!8&K=(!&+(!8P(!'&^F'L'!*7(+!
8P(! +&8(9! &,PF(7(N! ,*MJF%E! N&8&! F%! :/U?! 3<U! &%N! ;/0UKF8! O*+N9!
_,*MJF%E!F%!3<UKF8!O*+N9!O&9!*68(%!9=FEP8=J!6&98(+!8P&%!8P(!+(98aB!
\==!*8P(+!%L'K(+9!F%!8P(!8&K=(!,*++(9M*%N!8*!:/UKF8!O*+N9B!mQFU
9&=FE%(Nn!F'M=F(9!M*F%8(+9!9PF68(N!*%(!O*+N!*66!8P(!&=FE%(N!&NU
N+(99B!48+FN(!EF7(%!F9!&=9*!F%!O*+N9?!(BEB!98+FN(U;1!'(&%9!,*MJF%E!
(7(+J!;1U8P!O*+N!F%!8P(!&++&JB!

48+(&'!,*MJ!*%!&==!8P(9(!"#$9!9P*O9!&!PFEP!6+&,8F*%!*6!8P(!
MF%UK&%NOFN8P! F6! N&8&! F9! &=FE%(NB! "#$9! (&+=F(+! 8P&%! "-./01!
9P*O!98+*%E!N(8(+F*+&8F*%!OP(%!N&8&!F9!%*8!&=FE%(N!*+!%*%UL%F8U
98+FN(B!YP(%!98+FN(!F9!;1!*+!&K*7(?!&==!"#$9!+L%!&8!h;1s!=*O(+!
K&%NOFN8PB! YP(%! 98+FN(! F9! *6! *+N(+! *6! ;111?! &==! "#$9! +L%! &8!
h;11s!=*O(+!K&%NOFN8PB!

"#$! 0011"-.! 0311"-4! 2011"-.! "-./01!

&8!MF%9?!"IG9! 03! :/! C1! ;<;!

&=FE%(N!,*MJ! 02b! 0:b! 0Db! 02b!

'F9&=FE%(N! 2b! ;1b! 2b! D;b!

98+FN(U/! 2b! ;1b! 2b! <Db!

98+FN(U;1! ;1b! ;1b! 2b! ;1b!

98+FN(U;111! 1B2b! /B;b! ;B;b! ;B;b!

3.6 Attaining Peak Instruction Throughput 
Y(!O(+(!&K=(!8*!&,PF(7(!20b!*6!8P(!&+F8P'(8F,!M(&>!F%!+(EF98(+U
8*U+(EF98(+! 'L=8FM=JU&%NU&NN! F%98+L,8F*%9B! -PF9! O&9! &,PF(7(N!
+L%%F%E!&!9F%E=(!7(,8*+!8P+(&N!M(+!,*+(B![%!8P(!8(98?!(&,P!8P+(&N!
M(+6*+'9!&!E+*LM!*6!3!F%N(M(%N(%8!'L=8FM=JU&%NU&NN9!&!'F==F*%!
8F'(9!F%!&%!&EE+(99F7(=J!L%+*==(N!=**MB!-PF9!F9!N(9FE%(N!8*!PFN(!
8P(!MFM(=F%(!=&8(%,J!(7(%!&8!&!9'&==!%L'K(+!*6!8P+(&N9!M(+!,*+(B!

-P(!9'&==(98!7(,8*+!=(%E8P!8P&8!JF(=N(N!9*!PFEP!&!6+&,8F*%!*6!
M(&>! O&9! 3<! (=('(%89?! FB(B! 8O*! O&+M9B! ! Y(! ,*L=N%c8! &,PF(7(!
,*'M&+&K=(!+&8(!OF8P!9P*+8(+!7(,8*+9! (7(%!OP(%!+L%%F%E! '&%J!
7(,8*+!8P+(&N9!M(+!,*+(B!!

Y(!E*8!9F'F=&+!+(9L=89!F%!N*LK=(!M+(,F9F*%!OF8P! ;3U(=('(%8!
7(,8*+9B!;3U(=('(%8!7(,8*+9!O(+(!&=9*!,&M&K=(!*6!6F==F%E!8P(!4)$!
MFM(=F%(!KL8!*%=J!F6!+L%%F%E!'&%J!7(,8*+!8P+(&N9!M(+!,*+(B!Z*8(!
8P&8!K*8P!3<!&%N!;3!NF66(+!6+*'!8P(!%&8F7(!7(,8*+!=(%E8P!*6!:/B!

4F%,(!'*98!*6!8P(!F%98+L,8F*%9!E*!8P+*LEP!8P(!4#!MFM(=F%(?!3<!
&MM(&+9! 8*! K(! 8P(! *M8F'&=! 7(,8*+! =(%E8PB! \=8P*LEP! 8P(! W$S\!
M+*E+&''F%E!ELFN(!'(%8F*%9!8P&8!'L=8FM=(9!*6!3<!&+(!K(98!NL(!8*!
8P(! ,*%6=F,89!F%!&,,(99F%E!8P(!+(EF98(+!6F=(! iZV[S[\! /110&?!WP!
DB;B/B3j?!F8!&=9*!NF9,*L+&E(9!L9F%E!9L,P!9P*+8!7(,8*+9!9&JF%E!8P&8!
m;2/! *+! /D3! 8P+(&N9! M(+! K=*,>! F9! K(88(+n! iZV[S[\! /110&?! WP!
DB/jB!

3.7 Throughput when using Shared Memory 
\,,*+NF%E!8*!!"#$!& ?!=*,&8F*%9!F%!9P&+(N!'('*+J!,&%!K(!L9(N!&9!
&%! F%98+L,8F*%! *M(+&%NB! @*O(7(+?! *L+! K(%,P'&+>9! 9P*O! 8P&8!
F%98+L,8F*%9!8P&8!L9(!9L,P!*M(+&%N9! '&J!+L%!9=*O(+B! [%!8P(!6*=U
=*OF%E! 8&K=(!&! &%N!8! &+(! F%! +(EF98(+9?!. i2j! F9! &! 9P&+(N! '('*+J!
*M(+&%N!_F8!N*(9%c8!'&88(+!F6!F8!F9!F%N(^(N!*+!&!6F^(N!&NN+(99a?!&%N!
%L'K(+9!&+(!8P(!6+&,8F*%!*6!8P(!M(&>!8P+*LEPML8R!
!

]M(+&8F*%! 0011"-.! *8P(+!"#$9!F%!
-&K=(!;!

&p8q. i2j! 33b! 33b!

&p&q. i2j! 33b! CDb!

&p. i2j! C<b! 22b!
!

Z*8(!8P&8!%(O(+!"#$9!P&%N=(!9P&+(N!'('*+J!*M(+&%N9!6&98U
(+B!@*O(7(+?!8P(!'*98!E(%(+F,!'L=8FM=JU&%NU&NN!F%98+L,8F*%!+L%9!
&8!33b!*6!8P(!M(&>!*%!&==!"#$9?!FB(B!&9!F8!8&>(9!3!,J,=(9!M(+!O&+M!
F%98(&N! *6!8P(!L9L&=!<B!Y(!L9(!8P(9(!%L'K(+9!6*+!M(+6*+'&%,(!
'*N(=F%E!F%!4(,8F*%!<B/!

3.8 Global Barrier on the GPU 
-P(!W$S\!M+*E+&''F%E!'&%L&=!&99L'(9!8P&8!&!E=*K&=!K&++F(+!
F%! 8P(! "#$! M+*E+&'9! 9P*L=N! K(! F'M=('(%8(N! KJ! =&L%,PF%E! &!
%(O! >(+%(=! iZV[S[\! /110&?! WPB! DBDj?! FB(B! 9J%,P+*%FAF%E! OF8P!
8P(!W#$B!-PF9!,*989!&8!=(&98!8P(!>(+%(=!=&L%,P!*7(+P(&NB!\%!FN(&=!
E=*K&=!K&++F(+!O*L=N!K(!'L,P!,P(&M(+!KJ!,*''L%F,&8F%E!(%8F+(U
=J!OF8PF%!8P(!"#$!,PFMB!\=8P*LEP!8P(+(!F9!&!'('*+J!,+*99K&+!*%!
8P(! "#$! ,PFM9?! F8! ,&%%*8! K(! L9(N! 6*+! ,*''L%F,&8F*%! &'*%E!
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)FEL+(!:R!"6=*MG9!+&8(9!&,PF(7(N!F%!8P(!d$!6&,8*+FA&8F*%!*6!0! 3<!
'&8+F,(9B!4*=FN!=F%(9!&+(!9L98&F%(N!F%!6&,8*+FA&8F*%9!L9F%E!"#$!

*+!W#$B!S&9P(N!=F%(9!&+(!8P(!8P(*+(8F,&=!(98F'&8(9B!

,*+(9B! \9!&%!(&+=J!O*+>U&+*L%N?!O(!F'M=('(%8(N!&!E=*K&=!K&+U
+F(+!8P&8!+L%9! (%8F+(=J! *%!8P(! "#$?!KL8!%*8! (%8F+(=J! *%U,PFMB! [%!
*L+!F'M=('(%8&8F*%!8P+(&N9!+L%%F%E!*%!NF66(+(%8!,*+(9! ,*''LU
%F,&8(!7F&!8P(!*66U,PFM!"#$!'('*+JB!

['M=('(%8&8F*%! *6! &! K&++F(+! +(kLF+(9! &8*'F,! *M(+&8F*%9! *%!
9J%,P+*%FA&8F*%! 7&+F&K=(9B! Y(! (%&K=(! 8PF9! KJ! +(M=F,&8F%E! 9J%U
,P+*%FA&8F*%!7&+F&K=(9!&,+*99!8P(!(%8F+(!8P+(&N!&++&JB![%!8P&8!,&9(!
(&,P!7(,8*+!8P+(&N!,&%!LMN&8(!*%=J!M+F7&8(!7&+F&K=(9B!-PF9!(=F'FU
%&8(9! 8P(! +&,(! ,*%NF8F*%9B! [%! '*+(! N(8&F=?! *%(!&**2C&;! &%N! *%(!
)&="$+! 7&+F&K=(! F9! &==*,&8(N! 6*+! (&,P! 7(,8*+! 8P+(&NB! -P(! 6F+98!
7(,8*+!8P+(&N!F9!&99FE%(N!8*!K(!8P(!'&98(+!&%N!*8P(+9!&+(!9=&7(9B!
-P(! 2U8P!9=&7(!LMN&8(9!8P(!2U8P!&**2C&;!7&+F&K=(!&%N!9MF%9!*%!8P(!2U
8P!)&="$+!7&+F&K=(!L%8F=!F8!!F9!LMN&8(NB!-P(! '&98(+!8P+(&N!9MF%9!
*%!8P(!&**2C&;!7&+F&K=(9!L%8F=!8P(J!&==!&+(!LMN&8(N?!8P(%!LMN&8(9!
(7(+J!)&="$+!7&+F&K=(B!-PF9!F'M=('(%89!8P(!K&++F(+!*M(+&8F*%B!!

-PF9!K&++F(+!N*(9!%*8!EL&+&%8((!8P&8!M+(7F*L9!&,,(99(9!8*!&==!
=(7(=9!*6!8P(!'('*+J!PF(+&+,PJ!P&7(!,*'M=(8(N!L%=(99!&!'('*U
+J!,*%9F98(%,J!'*N(=!F9!&99L'(NB!

Y(!*K9(+7(N!;B:%/B1!" 9!M(+!K&++F(+!F%!&!'F,+*K(%,P'&+>!*%!
&==! 6*L+! "#$9B! -PF9! F9! ;BD%DB<! ! =(99! 8P&%! 8P(! ,*98! *6! 8P(! %(O!
>(+%(=!=&L%,P!8P&8!+(kLF+(9!9J%,P+*%FAF%E!OF8P!8P(!W#$B!

3.9 Implications for Codes Based on BLAS1/2 
Id\4;! &%N! Id\4/! *M(+&8F*%9! &+(! K&%NOFN8P! K*L%N! *%! 8P(!
"#$! &9! 8P(F+! 6=*MRO*+N! +&8F*! F9! K(=*O! 8P(! 6=*MRO*+N! +&8F*! *6!
"#$9B!\99L'F%E!8P&8!(&,P!*M(+&8F*%!F%7*=7(9!&%!&7(+&E(!=&L%,P!
*7(+P(&N!&%N!&==! '('*+J!*M(+&8F*%9!+L%!&8!8P(!9L98&F%(N!M(&>?!
O(!E(8!8P(!6*==*OF%E!(98F'&8(!6*+!8P(!"-./01R!

.56
*"B$2*"!8&0!)2!-D

.:21"
G;/C

!!
< #$ " !B! _/a!

)*+!(^&'M=(?!Id\4;c9! "#$%&!*M(+&8F*%!&NN9!&!'L=8FM=(!*6!*%(!
7(,8*+!8*!&%*8P(+!7(,8*+!&%N!9*!+(kLF+(9! :s<s0!KJ8(9! *6!K&%NU
OFN8P!M(+!/s0!6=*M9!F6!,*'ML8F%E!F%!9F%E=(!M+(,F9F*%B!4*?!8P(!6=*M!
+&8(!F9!K*L%N(N!KJ!*( !o!_/0!6=*M9!G!;/0!KJ8(9a!s!;/C!"IG9!o!/;!
"6=*MG9B! -PF9! K*L%N! 9,&=(9! =F%(&+=J! OF8P! '('*+J! K&%NOFN8PB!
@*O(7(+?!P&=6!*6!8PF9!+&8(!F9!&,PF(7(N!*%=J!&8!0;G/!o!<!" 9!s!;/C!
"IG9!G! ;/!KJ8(9!' ! ! </?111B! -PL9?!&8!0! t!</?111?!8P(! *M(+&8F*%!
8&>(9!<g0!" 9B!-P(!=&+E(98!9kL&+(!'&8+F^!8P&8!6F89!F%8*!;"I!*6!8P(!
"-./01! '('*+J!F9! ;3?:0<s;3?:0<B! -PL9?!6*+!M+&,8F,&=!9kL&+(!
'&8+F^!9FA(9!"#$%&!&%N!*8P(+!Id\4;!+*L8F%(9!8&>(!&!=&+E(!%(&+U
=J!,*%98&%8!8F'(!8*!+L%B!

Z*O!,*%9FN(+!+L%%F%E!8P(!(%8F+(!d$!6&,8*+FA&8F*%!&%!*6!0s3<!
'&8+F^! L9F%E! Id\4;! &%N! Id\4/! *M(+&8F*%9! &9! N*%(! F%!
d\#\WHc9! "'()*+ !,*N( : B!4L,P!6&,8*+FA&8F*%9!&+(!,&==(N!M&%(=!
6&,8*+FA&8F*%9! &%N! &+(! L9(N! F%! 8P(! K=*,>(N! 6&,8*+FA&8F*%! &=E*U
+F8P'9B! \MM+*^F'&8F%E! 8P(! +L%8F'(! *6! (&,P! Id\4! ,&==! F%!
"'()*+ !L9F%E!_/a!O(!E(8!8P(!LMM(+!K*L%N!*%!8P(!M(+6*+'&%,(!
8P&8! F9! M=*88(N! F%! )FEB! :B! -PF9! 6FEL+(! &=9*! 9P*O9! 8P(! +&8(9! 9L9U
8&F%(N!F%!8P(!*M8F'FA(N!"#$!F'M=('(%8&8F*%9!&%N!F%!8P(!W#$U
K&9(N!9*=7(+!8P&8!+(&N9!F%ML8!N&8&! *7(+!#W[(! /B1!s;3!6+*'! 8P(!
"#$?! ,*'ML8(9! *%! 8P(! :B1"@A! W*+(/! eL&N! L9F%E! 3<UKF8! [%8(=!
QHd! ;1B1!&%N! ,*MF(9!8P(!+(9L=8!K&,>!8*!8P(! "#$B! [%!M+&,8F,(?!
8PF9!W#$UK&9(N!7(+9F*%!*L8M(+6*+'9!8P(!6&98(98!"#$!6*+!&==!0!t!
;1?111B!)L+8P(+'*+(?!8P(!%(O(+!"#$!N*(9!%*8!9P*O!9LK98&%8F&=U
=J!K(88(+!M(+6*+'&%,(!&8!9'&==(+! '&8+F,(9!&%N!8P(!K*L%N9!F%NFU
,&8(!8P&8!8PF9!"#$!P&9!%*!M*8(%8F&=!8*!*L8M(+6*+'!8P(!W#$!7(+U
9F*%!&8!0!t!;311B!

)FEB! :! ,*'M&+(9! 6L+8P(+! &! PJM*8P(8F,&=! /s! F'M+*7('(%8! F%!
8P(!'('*+J!K&%NOFN8P!&%N!&!;1s!F'M+*7('(%8!F%!8P(!*7(+P(&NB!
Y(!&99L'(!8P&8!K*8P!F'M+*7('(%89!&+(!M*99FK=(!8*!&,,*'M=F9P!
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K(! F'M+*7(N! KJ! F%8+*NL,F%E! 8P(! *%U,PFM! ,*''L%F,&8F*%B! -P(!
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4 Design of Block Matrix-Matrix Multiply Routine 
W*%9FN(+!(7&=L&8F%E!8P(!M+*NL,8!E(RF!E!p!'6 ?!OP(+(!' ?!6!&%N!E!
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4.1 Implementation Details 
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4.2 Performance Results and Analysis 
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(^M=&F%!OPJ!9L98&F%(N!7&=L(9!&+(!PFEP(+!8P&%!8P(!(^M(,8(N!%L'U
K(+B!

[6! 9=*ON*O%! F%! &,,(99F%E! 9P&+(N! '('*+J! O(+(! (=F'F%&8(N!
&%N!Q\S!+&%!&8!6L==!8P+*LEPML8!*6!<!,J,=(9?!&!9F'F=&+!(98F'&8(!
O*L=N! EF7(! /D3G:;/! o! 0/b! *6! 8P(! ,*'ML8(! M(&>! *+! 00b! F6!
'('*+J!=*&N9!O(+(!N*%(!F%!M&+&==(=B![%!,*'M&+F9*%?!O(!E(8!02g
2/b! *6! M(&>! *%! W*+(/! SL*! &%N! eL&N! M+*,(99*+9! OP(%! L9F%E!
4"`QQ!F%!3<UKF8![%8(=!QHd!;1B1B!



!

!

W$Id\4!;B;! ]L+!,*N(!

ET.(K=*,>?!OP(+(!98*+(N(! :/s:/?!+(E9! 3<s;3?!+(E9!

' c9!K=*,>?!OP(+(!98*+(N!:/s:/?!9'('! 3<s;?!+(E9!

6c9!K=*,>?!OP(+(!98*+(N!:/s:/?!9'('! ;3s;3?!9'('!

V(,8*+!=(%E8P! D;/! 3<!

4,&=&+!+(EF98(+9!!
M(+!9,&=&+!8P+(&N! ;D! :1!

f(EF98(+9!M(+!7(,8*+!8P+(&N!:1!HI! CBD!HI!

9'('!M(+!7(,8*+!8P+(&N! 0B:!HI! ;B;!HI!

-P+(&N9G,*+(?!0011"-.! ;! <!

Y&+M9G,*+(?!0011"-.! ;3! 0!

[%98+L,8F*%9!F%!F%%(+!=**M!;;D! :;/!

Q\S!F%98+L,8F*%9! 3<! /D3!

9'('U8*U+(EF98(+!Q]V9!! :/! 1!

`^M(,8(N?!b!*6!M(&>! <<b! D0b!

4L98&F%(N?!b!*6!M(&>! :3 g<<b! D0g31b!
-&K=(!:R!S(8&F=9!*6!*L+!,*N(!&%N!8P(!,*N(!F%!W$Id\4!;B;B![%U
98+L,8F*%9!,*L%89!&+(!6*+!8P(!F%%(+!=**M!*%=J!&%N!O(+(!*K8&F%(N!
L9F%E!!"#$!& B!' c9!3<s;!K=*,>9!&+(!EF7(%!&9!N(6F%(N!F%!8P(!WU

=(7(=!M+*E+&'B!-PF9!K=*,>!9FA(!F9!F%,+(&9(N!OP(%!,*'MF=F%E!KJ!
L%+*==F%E!8P(!=**M!&%N!&99FE%F%E!8P(!K=*,>9!6(8,P(N!F%!NF66(+(%8!

F8(+&8F*%9!8*!NF66(+(%8!+(EF98(+9B!
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)FEL+(!3R!f&8(9!F%!N*LK=(!M+(,F9F*%!'&8+F^U'&8+F^!'L=8FM=J!*%!&!
"#$!&%N!&!W#$B!#(+,(%89!F%NF,&8(!8P(!6+&,8F*%9!*6!M(&>B!

-*! L%N(+98&%N! P*O! 'L=8F8P+(&NF%E! 6&,8*+9! F%8*! 8P(! M(+6*+U
'&%,(!O(!7&+F(N!8P(!%L'K(+!*6!8P+(&N9!+L%%F%E!9F'L=8&%(*L9=J!
KJ!&==*,&8F%E!'*+(!9P&+(N!'('*+J!8P&%!%(,(99&+J!&%N!,P(,>F%E!
8P(!+(9L=8F%E!*,,LM&%,J!L9F%E!&!M+*6F=(+B!-P(!,*N(!M(+6*+'(N!&8!
:/b?!<2b?!D0b!&%N!D2b!*6!8P(!M(&>!OP(%!+L%%F%E!;?!/?!:!&%N!<!
8P+(&N9! M(+! ,*+(! +(9MB! *%! &==! 6*L+! "#$9! _OF8P! %*%U9LK98&%8F&=!
7&+F&8F*%9aB!"-./01!&==*O9!+L%%F%E!LM!8*!0!8P+(&N9!KL8!M(+6*+U
'&%,(! NFN%c8! F'M+*7(! &68(+! <! 8P+(&N9B! -P(9(! <! 8P+(&N9! M(+!
"-./01!,*+(!,*++(9M*%N!8*!/Db!*,,LM&%,JB!-PF9!F%NF,&8(9!8P&8!
*%(! 9P*L=N! %*8! *7(+U*M8F'FA(! 6*+! 8P(! *,,LM&%,J?! &=8P*LEP! (^U
8+('(=J!=*O!*,,LM&%,J!'&J!&=9*!PL+8B!

-*!PFEP=FEP8!8P(!F'M*+8&%,(! *6!=*,&=F8J!F%!&,,(99F%E!9P&+(N!
'('*+J?!O(!&=9*!+L%!&!7(+9F*%!8P&8!>((M9!6c9!K=*,>!F%!,*=L'%U
'&u*+! =&J*L8! F%98(&N! *6! +*OU'&u*+! =&J*L8B! -P(%! 8P(! 9P&+(N!
'('*+J! &++&J! F9! 9,&%%(N! &8! =&+E(! 98+FN(! F%! 8P(! F%%(+! =**M! 8P&8!
F%8+*NL,(9!(^8+&!31gC1!M*F%8(+!&+F8P'(8F,!F%98+L,8F*%9!F%!8P(!=**M!
K*NJB! f(9L=8F%E!M(+6*+'&%,(!O&9!9=FEP8=J!=*O(+?!&8!D:gD3b!*6!
M(&>B!-PL9?!*M8F'FAF%E!8P(!=*,&=F8J!F%!9P&+(N!'('*+J!&,,(99(9!F9!
&!7&=L&K=(!8(,P%FkL(!&8!=(&98!6*+!6F%(+!8L%F%EB!

\,,*+NF%E! 8*! -&K=(! /?! M(&>! +&8(9! F%! 4vfH! &+(! %(&+=J! 8P(!
9&'(!&9!F%!"`QQB!-PF9!F9!%&8L+&=?!&9!8P(!9&'(!'&F%!=**M!,*N(!
F9!L9(N!F%!K*8P!+*L8F%(9B!@*O(7(+?!8P(!%&x7(!9*=L8F*%!8P&8!,+(&8(9!
/s! '*+(! 8P+(&N9! P&=6! *6! OPF,P! (^F8! F''(NF&8(=J! +L%9! &8! ;B;s!!
=*O(+! M(&>! +&8(! &%N! &8! LM! 8*! ;BCs! =*O(+! +&8(! 6*+! 9*'(! '&8+F^!
9FA(9B!-PL9?!&=8P*LEP!"#$9!&+(!>%*O%!6*+!(66F,F(%8!'L=8F8P+(&NU
F%E?!L%%(,(99&+J!8P+(&N!M&+&==(=F9'!'&J!+(9L=8!F%!&!9=*ON*O%B!

-P(!N*LK=(!M+(,F9F*%!7(+9F*%9!*6!8P(9(!+*L8F%(9!+L%!&8!LM!8*!
2Dg2Cb!*6!M(&>B!-PF9!F9! 'L,P!PFEP(+!8P&%!O(! ,*L=N!(^M(,8!F%!
9F%E=(! M+(,F9F*%! &%N! F9! M*99FK=(! *%=J! K(,&L9(! N*LK=(! M+(,F9F*%!
*M(+&8F*%9! &+(! 'L,P! 9=*O(+! 8P&%! *8P(+! F%98+L,8F*%9! &%N! 8PL9!
,*%9L'(!'*98!*6!8P(!(^(,L8F*%!8F'(B!

3<! ;3! K=*,>F%E! JF(=N9! /DB3! ! +(NL,8F*%! *6! K&%NOFN8P! ,*%U
9L'M8F*%B!-PL9?!:CD!"6=*MG9!&,PF(7(N!*%!"-./01!,*++(9M*%N9!
8*! D2! "IG9! F%! +(&NF%E! '&8+F,(9!' ! &%N!6?! OPF,P! F9! <3b! *6!8P(!
M(&>! 9L98&F%(N!K&%NOFN8PB! [%! ,*%8+&98?! 9*'(! *6! 8P(! (&+=F(+! F'U
M=('(%8&8F*%9?!9L,P!&9!"*7F%N&+&uL!(8!&=B!i/113j!&%N!)&8&P&=F&%!
(8!&=B! i/11<j!&+(!K&%NOFN8PUK*L%NB! -P(! ,*'ML8(UK*L%N!F'M=(U
'(%8&8F*%!F9!NL(!8*!L9F%E!=&+E(!K=*,>9?!OPF,P!O&9!'&N(!M*99FK=(!
KJ!F%8+*NL,8F*%!*6!9P&+(N!'('*+J!F%8*!8P(!"#$9!&+,PF8(,8L+(B!

f(9L=89!6*+!'*N(+%!"#$9!F%,=LN(!2;!"6=*MG9!KJ!fJ**!(8!&=B!
i/110j!&%N!2C!"6=*MG9!KJ!I&9>&+&%!(8!&=B!i/110jB!I*8P!&+(!*%!&!
0011"-.!&%N!,*++(9M*%N!8*!/3g/0b!*6!8P(!,*'ML8(!M(&>B!-PF9!
F9!*7(+!/s!9=*O(+!8P&%!&,PF(7(N!F%!*L+!,*N(B!-P(J!6*==*O!8+&NFU
8F*%&=!ELFN(=F%(9!&9!8P*9(! *L8=F%(N!F%!8P(!W$S\!M+*E+&''F%E!
ELFN(?! (BEB!L9(!=*%E(+!7(,8*+9?! *M8F'FA(!6*+!6(O(+!+(EF98(+9!M(+!
9,&=&+!8P+(&N?!E(8!PFEP(+!*,,LM&%,J!&%N!L9(!9P&+(N! '('*+J!&9!
8P(!M+F'&+J!=*,&=!98*+&E(!9M&,(B!

4.3 Comparison to CUBLAS 1.1 
-&K=(! :! ,*'M&+(9! 8P(! N(8&F=9! *6! *L+! F'M=('(%8&8F*%! &%N! 8P(!
F'M=('(%8&8F*%!F%!W$Id\4! ;B;!&9!O&9!+(=(&9(N!F%!MLK=F,!N*U
'&F%! KJ! ZV[S[\! _9E(''y'&F%yE=NyPOy%&y%Ky6L==8F=(! +*LU
8F%(aB! I*8P!F'M=('(%8&8F*%9!M(+6*+'!8P(!9&'(!&'*L%8!*6!O*+>!
M(+!7(,8*+!8P+(&N!,*'ML8F%E!;1/<!(=('(%89!F%!'&8+F^!EB!I&%NU
OFN8P!+(NL,8F*%!KJ!K=*,>F%E!F%!W$Id\4z9!,*N(!F9!:/!OPF,P!F9!
K(88(+!8P&%!/DB3!F%!*L+!,*N(B!\=9*?!W$Id\4c9!,*N(!L9(9!/! !=(99!
+(EF98(+9! M(+! 9,&=&+!8P+(&N! &%N! +L%9! &8! PFEP(+! *,,LM&%,J! *6! /! !
'*+(!O&+M9!M(+!,*+(B!@*O(7(+?!F8!F9!;B3! !9=*O(+B!

QL,P!*6!8PF9!9=*ON*O%!F9!NL(!8*!8P(!M**+(+!F%98+L,8F*%!'F^B!
I*8P! ,*N(9! L9(! Q\S! F%98+L,8F*%9! OF8P! &%! *M(+&%N! F%! 9P&+(N!
'('*+JB!IL8!W$Id\4!P*=N9!K*8P! ' c9!&%N!6c9!K=*,>9!F%!9P&+(N!
'('*+J! &%N! 9*! 'L98! 6(8,P! 9(,*%N! *M(+&%N! K(6*+(! L9(B! -PF9!
+(kLF+(9! *%(! Q]V! F%98+L,8F*%! M(+! 8O*! Q\S! F%98+L,8F*%9! &%N!
+(9L=89! F%! 8P(! 9'&==! 6+&,8F*%! *6! Q\S9! F%98+L,8F*%9! F%! 8P(! =**M!
K*NJ!T!F8!F9!D3b!7(+9L9!0/b!F%!*L+!,*N(B!

-P(!M**+!F%98+L,8F*%! 'F^!F%!W$Id\4! ,&%!K(!F'M+*7(N!KJ!



!

!

L9F%E!9P*+8(+!7(,8*+9B![%!W$Id\4!;1/<U(=('(%8!K=*,>9!F%!E!&+(!
98+FM! 'F%(N!&8!8P(!M+*E+&'!=(7(=!F%8*!8O*!D;/U(=('(%8!7(,8*+9B!
-PF9! &==*O9! +(L9F%E! 8P(! +(9L=8! *6! (&,P! Q]V! 8O*! 8F'(9B! 48+FM!
'F%F%E!N*O%!8*!3<!(=('(%8!7(,8*+9!F%98(&N!O*L=N!&==*O!+(L9F%E!
N&8&!;1/<G3<!o!;3!8F'(9B!)F%&==J?!F6!Ec9!K=*,>!F9!3<! ;3?!8P(%!8P(!
N&8&!,&%!K(!+(L9(N!&,+*99!&%!(%8F+(!+*O!*6!8P(!K=*,>!&%N!8P(+(!F9!
%*!%((N!8*!98&E(!F8!7F&!9P&+(N!'('*+J!&8!&==B!-PF9!F9!OP&8!F9!N*%(!
F%!*L+!,*N(B!

@*O(7(+?!F6!O(!L9(!'*N(=F%E!&9!F%!8P(!M+(7F*L9!4(,8F*%?!O(!
E(8!&%!(98F'&8(!*6!<<b!*6!8P(!M(&>!6*+!8P(!W$Id\4!,*N(!8P&8!F9!
9LK98&%8F&==J! PFEP(+! 8P&%! :3g:Cb! 8P&8! F8! 9L98&F%9! *%! &==! "#$9!
(&+=F(+!8P&%!"-./01B!-PF9!'FEP8!K(!NL(!8*!8P(!F%9L66F,F(%8!M&+&=U
=(=F9'!8*!PFN(!8P(!'('*+J!=&8(%,JB!\=8P*LEP!W$Id\4!+L%9!/! !
'*+(!O&+M9!8P&%!O(!N*?!8P(9(!O&+M9!,*'(!F%!*%(!7(,8*+!8P+(&N!
9J%,P+*%FA(N!OF8P!=*,&=!K&++F(+9B!-P(9(!K&++F(+9!9(M&+&8(!'('*U
+J!&,,(99(9!&%N!,*'ML8&8F*%?!9*!8P(9(!8O*!N*!%*8!*7(+=&MB!-P&8c9!
%*8!&%!F99L(!F%!*L+!,*N(!OP(+(! '('*+J!&,,(99(9!F%!*%(!8P+(&N!
'&J! *7(+=&M! OF8P! ,*'ML8&8F*%9! F%! 9(7(+&=! *8P(+! ,*%,L++(%8!
8P+(&N9B!

5 Implementation of One-Sided Matrix Factoriza-
tions 
Y(!,*%9FN(+!8P(!6&,8*+FA&8F*%!*6!'&8+F,(9!8P&8!+(9FN(!F%!8P(!W#$!
'('*+J! F%! ,*=L'%U'&u*+! =&J*L8?! &%N! OP*9(! 6&,8*+FA&8F*%9!
*7(+O+F8(!8P(!*+FEF%&=!N&8&B!-P(!F%8(%8F*%!F9!8*!'&8,P!8P(!9('&%U
8F,9!*6!8P(!d\#\WH!+*L8F%(9!i\%N(+9*%!(8!&=B!;221jB!@*O(7(+?!
6*+!8P(!ML+M*9(!*6!8PF9!98LNJ!O(!+(98+F,8!*L+!&88(%8F*%!8*!9kL&+(!
'&8+F,(9!OP*9(!NF'(%9F*%!F9!&!'L=8FM=(!*6!8P(!K=*,>!9FA(!L9(NB!!

-P(+(! &+(! 8P+((! ,=&99F,&=! KL=>U9J%,P+*%*L9! 7&+F&%89! *6! d$!
6&,8*+FA&8F*%!T!=(68U=**>F%E?!+FEP8U=**>F%E!&%N!W+*L8!iS*%E&++&!
(8!&=B!;220jB!Y(!NF9'F99!8P(!=(68U=**>F%E!9,P('(!&9!F8!N*(9!&K*L8!
P&=6!F89!6=*M9!F%!8+F&%EL=&+!9*=7(9!OF8P!&!9'&==!%L'K(+!*6!+FEP8U
P&%N!9FN(9!&%N!9*!P&9!=F'F8(N!F%P(+(%8!M&+&==(=F9'B!Y(!M+(6(+!8P(!
+FEP8U=**>F%E!&=E*+F8P'!8*!8P(!W+*L8!&=E*+F8P'!K(,&L9(!F8!(^M*9U
(9! '*+(! 8P+(&NU=(7(=! M&+&==(=F9'! F%! 8P(! ,&==9! 8*! '&8+F^U'&8+F^!
'L=8FM=JB! WP*=(9>J! &%N! ef! 6&,8*+FA&8F*%9! O*+>! F%! 8P(! 9&'(!
'&%%(+!T!8P(!(%8F+(!'&8+F^!F9!LMN&8(N!&9!9**%!&9!8P(!%(^8!K=*,>!
,*=L'%!F9!&7&F=&K=(B!

#&%(=!6&,8*+FA&8F*%!F9!N*%(!*%!8P(!W#$!&9!N*%(!F%N(M(%N(%8U
=J!KJ!I&++&,PF%&!(8!&=B!i/110j!&%N!I&K*L=F%!(8!&=B!i/110jB!@*OU
(7(+?!F%!*L+!F'M=('(%8&8F*%!8+F&%EL=&+!9*=7(!F%!WP*=(9>J!F9!&=9*!
N*%(! *%! 8P(! W#$B! -P(! M&%(=! 6&,8*+FA&8F*%! F9! *7(+=&MM(N! OF8P!
,*'ML8&8F*%!*%!8P(!"#$!L9F%E!&!=**>U&P(&N!8(,P%FkL(!_9((!(BEB!
S*%E&++&! &%N! ]98+*L,P*7! i;221j! OP*! ,&==! F8! MFM(=F%(N! LMN&8U
F%EaB! -PF9!+(kLF+(9!8+&%96(++F%E! '&8+F^!M&%(=9!6+*'!8P(! "#$!8*!
8P(! W#$! '('*+J! &%N! K&,>B! ]7(+=&MMF%E! 8P(9(! 8+&%96(+9! OF8P!
,*'ML8&8F*%?!(%&K=(N!*%!8P(!%(O(+!"#$9?!F9!=(68!6*+!8P(!6L8L+(!
O*+>B!

-*! &7*FN! (^8+&! *7(+P(&N! F%! 8P(! 8+&%96(+9?! 8P(! M&%(=9! &+(!
M=&,(N! F%8*! 8P(F+! 6F%&=! *L8ML8! =*,&8F*%! OP(%! 8+&%96(++(N! 8*! 8P(!
W#$! '('*+JB! -PL9! M&%(=! 6&,8*+FA&8F*%! M+*NL,(9! 8P(! 6F%&=! +(U
9L=89! 6*+! 8P*9(! =*,&8F*%9?! (^,(M8! 6*+! d$! 6&,8*+FA&8F*%?! OPF,P!
+(kLF+(9!MF7*8F%E!*6!8P(!(%8F+(!'&8+F^!&8!(&,P!M&%(=!6&,8*+FA&8F*%?!
OPF,P!F9!N*%(!*%!8P(!"#$B!-P(!8+&%96(+!*6!8P(!8+F&%EL=&+!'&8+F^!
F%! 8P(! WP*=(9>J! 6&,8*+FA&8F*%! F9! N*%(! KJ! 8+&%96(++F%E! &! 9(8! *6!
+(,8&%EL=&+!K=*,>9!8P&8!F%,=LN(9!8P(!8+F&%EL=&+!M&+8B!-P(!OFN8P!*6!
8P(!K=*,>9!F9!*M8F'FA(N!L9F%E!8P(!M(+6*+'&%,(! '*N(=!M+(9(%8(N!
F%!4(,8F*%!:B/B!

-*! &7*FN! 8P(! 9(7(+(=J! M(%&=FA(N! 98+FN(N! '('*+J! &,,(99! F%!
MF7*8F%E!*%!8P(!"#$?!8P(!'&8+F^!F9!=&FN!*L8!F%!8P(!"#$!'('*+J!
F%!+*OU'&u*+!*+N(+B!-PF9!F%7*=7(9!(^8+&!*7(+P(&N!6*+!8P(!8+&%9U
M*9F8F*%!&%N!&MM=F(9!8*!d$!6&,8*+FA&8F*%!*%=JB!-P(!8+&%9M*9F8F*%!
*6!8P(!9kL&+(!'&8+F^!F9!N*%(!F%UM=&,(!KJ!KL66(+F%E!8F=(9!F%!8P(!*%U
,PFM!'('*+J!8*!&7*FN!(^8+&!,*%9L'M8F*%!*6!Sf\QB!YP(%!8P(!
M&%(=! F9! 8+&%96(++(N! 8*! 8P(! W#$! '('*+J! &%N! K&,>?! F8! F9! 8+&%9U
M*9(N! *%! 8P(! "#$! L9F%E! &%! &NNF8F*%&=?! 9'&==(+?! KL66(+! F%!

Sf\QB!#F7*8F%E!F9!N*%(!F%!K&8,P(9! *6!3<!+*O!F%8(+,P&%E(9!8*!
&'*+8FA(! 8P(! >(+%(=! =&L%,P! *7(+P(&NB! -P(! MF7*8! F%NF,(9! &+(!
M&99(N! F%! &9! 6L%,8F*%! M&+&'(8(+9! 8P&8! &+(! &,,(99FK=(! F%! W$S\!
7F&!9P&+(N! '('*+JB! -PF9!F9!8*!&7*FN!8P(!9LK98&%8F&=!K&%NOFN8P!
+(kLF+('(%89!F%!+(&NF%E!8P(!M&+&'(8(+9!6+*'!Sf\QB!

-P(!LMM(+!8+F&%EL=&+!M&+8!*6!8P(!*L8ML8!*6!8P(!M&%(=!6&,8*+FU
A&8F*%!F%!8P(!ef!&=E*+F8P'!F9! %*8!%((N(N!6*+!8P(!=&8(+!LMN&8(9!
&%N!F9!%*8!8+&%96(++(N!K&,>!8*!"#$B!-P(!=*O(+!8+F&%EL=&+!M&+8!F9!
6F==(N! F%! OF8P! A(+*9! &%N! &! L%F8! NF&E*%&=! K(6*+(! 8P(! 8+&%96(+! 8*!
,+(&8(!&!+(,8&%EL=&+! '&8+F^?!9*!8P&8!F8!,&%!K(! 'L=8FM=F(N!L9F%E!&!
9F%E=(! '&8+F^U'&8+F^! 'L=8FM=JB! \! 9F'F=&+! 8(,P%FkL(! F9! L9(N! F%!
4,&d\#\WH! iWP*F! (8! &=B! ;223jB! -P(! 9&'(! 8(,P%FkL(! F9! L9(N!
OF8P!8P(!9'&==!8+F&%EL=&+!'&8+F^!8P&8!&+F9(9!F%!8P(!M&%(=!6&,8*+FA&U
8F*%!F%!efB!-P(9(!6F==UF%9!&+(!N*%(!*%!8P(!W#$!8*!*7(+=&M!OF8P!
8P(!O*+>!*%!8P(!"#$!&%N!&7*FN!M&JF%E!(^8+&!"#$!*7(+P(&N9B!

[%98(&N! *6! +L%%F%E! 8+F&%EL=&+! 9*=7(! _-f4Qa! F%! 8P(! d$! N(U
,*'M*9F8F*%!O(!+L%! '&8+F^U'&8+F^! 'L=8FM=J!OF8P!8P(!F%7(+9(!*6!
8P(!8+F&%EL=&+!'&8+F^B!-P(!F%7(+9(!F9!,*'ML8(N!*%!8P(!W#$B!\9!&!
+(9L=8?!8P(! "#$!N*(9!%*!*8P(+!&+F8P'(8F,!K(9FN(9! '&8+F^U'&8+F^!
'L=8FM=F(9B! $%=F>(! *8P(+! *M8F'FA&8F*%9?! 8PF9! '&J! &66(,8! 8P(! %LU
'(+F,&=!98&KF=F8J!*6!8P(!&=E*+F8P'B!@*O(7(+?!*L+!%L'(+F,&=!8(989!
9*!6&+!9P*O!%*!NF66F,L=8J!&%N!F%!6&,8!8P(!98&KF=F8J!*6!(F8P(+!&=E*U
+F8P'!N(M(%N9! *%!8P(! (99(%8F&==J!8P(!9&'(!&99L'M8F*%?!%&'(=J!
8P&8!4%;! F9!%*8!8**!=&+E(!F%!%*+'?!9F%,(! 8PF9!K*L%N9!K*8P!MF7*8!
E+*O8P!&%N!8P(!&,,L+&,J!*6!8P(!8+F&%EL=&+!9*=7(B![%!8P(!6L8L+(!O(!
'FEP8!+(7(+8!8*!8+F&%EL=&+!9*=7(!OP(%!rr4%; rr!F9!8**!=&+E(B!

-P(! K=*,>! 9FA(! L9(N! F9! 8P(! 9&'(! &9! F%! 8P(! '&8+F^! 'L=8FM=J!
_3<aB! \!=&+E(+!K=*,>!9FA(! ,*L=N!+(NL,(!K&%NOFN8P! ,*%9L'M8F*%!
&%N! F'M+*7(! M(+6*+'&%,(! OF8P!=&+E(! '&8+F,(9B!Y(! &NN+(99! 8P(!
K&%NOFN8P!,*%9L'M8F*%!L9F%E!8O*!8(,P%FkL(9B!

-P(!6F+98!8(,P%FkL(!F9!&!7&+F&%8!*6!/U=(7(=!K=*,>F%E!_8PF9!O&9!
F%N(M(%N(%8=J!N*%(!KJ!I&++&,PF%&!(8!&=B!i/110jaB!I*8P!=(7(=9!&+(!
N*%(! F%! 8P(! +FEP8U=**>F%E! '&%%(+! 8*! L9(! &! =&+E(! %L'K(+! *6!
8P+(&N9!F%!8P(!'&8+F^!'L=8FM=JB!\!%*7(=!8O(&>!F9!8P&8!O(!9OF8,P!
8*! 8P(! ,*&+9(! K=*,>F%E! =(7(=! OP(%! *%=J! P&=6! 8P(! 6F%(+! =(7(=! F9!
,*'M=(8(B!-PF9!&7*FN9!LMN&8F%E!'&8+F,(9!8P&8!P&7(!8**!6(O!K=*,>!
,*=L'%9!&%N!9*!*66(+!=F88=(!8P+(&N!M&+&==(=F9'!F%!8P(!'&8+F^!'L=U
8FM=F(9B!Z*8(?!8P&8!8PF9!&MM+*&,P!F9!%*8!&!9LK9(8!*6!8P(!8+&NF8F*%&=!
+(,L+9F7(!K=*,>F%E!8P&8!O&9!L9(N!KJ!I&++&,PF%&!(8!&=B!

\!NF66(+(%8!8(,P%FkL(!F9!L9(N!F%!ef!6&,8*+FA&8F*%?!OPF,P!P&9!
&!NF66(+(%8!98+L,8L+(! *6!LMN&8(9B!Y(!L9(N!&L8*8L%F%E!8*! ,P**9(!
8P(!K(98!K=*,>!9FA(!_'L=8FM=(! *6!3<a!&8! (7(+J!98&E(! *6!8P(!&=E*U
+F8P'B!`&,P!98&E(!F9!M&+&'(8(+FA(N!OF8P!&!:U8LM=(R!8P(!9FA(!*6!8P(!
8+&F=F%E!'&8+F^?!8P(!K=*,>!9FA(!L9(N!F%!M&%(=!6&,8*+FA&8F*%!&%N!8P(!
K=*,>! 9FA(! L9(N! F%! 8P(! LMN&8(! _9&'(! &9! L9(N! F%! 8P(! =&98! M&%(=!
6&,8*+FA&8F*%aB![%!8P(!,L++(%8!M+*8*8JM(!O(! '(&9L+(!8P(!+L%8F'(!
6*+! (7(+J! F%98&%,(! *6! 8PF9! :U8LM=(! OF8PF%! 8P(! +&%E(! *6! F%8(+(98B!
SJ%&'F,!M+*E+&''F%E!F9!8P(%!L9(N!8*!,P**9(!8P(!K(98!9(kL(%,(!
*6! 8P(! K=*,>! 9FA(9?! 9F'F=&+=J! 8*! iIF9,P*6! &%N! d&,+*L8(! ;221jB!
I=*,>U8+F&%EL=&+!'&8+F^!'L=8FM=F(9!&+(!L9(N!OP(+(7(+!M*99FK=(B!

5.1 LU factorization on two GPUs 
Y(!,*%9FN(+!L9F%E!8O*!"#$9!&88&,P(N!8*!8P(!9&'(!O*+>98&8F*%B!
Y(!L9(!&!,*=L'%U,J,=F,!=&J*L8!8*!NF98+FKL8(!8P(!'&8+F^!*7(+!8O*!
"#$9B![8!F9!,*%7(%F(%8?!&9!F8!N*(9!%*8!+(kLF+(!,*''L%F,&8F*%!F%!
MF7*8F%E?!NF98+FKL8(9!8P(!O*+>=*&N!(7(%=J!&%N!>((M9!W#$U"#$!
N&8&!8+&%96(+9!9F'M=(B!)*+!(^&'M=(?!8+&%96(++F%E!&==!(7(%!*+!*NN!
,*=L'%9!*6!'&8+F^!,&%!K(!N*%(!OF8P!*%(!,&==!8*!&!W$S\!+*L8F%(?!
KL8!8+&%96(++F%E!(7(%!*+!*NN!K=*,>!,*=L'%9!+(kLF+(9!'&%J!,&==9!
&%N!9*! '&%J!8+&%96(+!*7(+P(&N9B!`&,P!"#$!P*=N9!*%=J!F89!*O%!
6+&,8F*%!*6!8P(! '&8+F^!_(7(%!*+!*NN!,*=L'%9aB!-P(! (^,(M8F*%!F9!
8P(!LMN&8(9?!OPF,P!+(kLF+(!8P(!8+&%96(+!*6!&%!(%8F+(!M&%(=!8*!K*8P!
"#$9B! -P(! ,*=L'%9! 8P&8! N*! %*8! K(=*%E! 8*! 8P(! =&J*L8! &+(! NF9U
,&+N(N!&68(+!8P(!LMN&8(!F9! ,*'M=(8(B! -P(! 98+L,8L+(! *6!8P(!&=E*U
+F8P'! F9! 9&'(! &9! F%! 8P(! 9F%E=(U"#$! ,&9(! KL8! OF8P*L8! /U=(7(=!
K=*,>F%E! &9! F%! 8PF9! ,&9(! F8! +(kLF+(9! 9LK98&%8F&=! (^8+&! 9M&,(! 6*+!
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-&K=(!<R!W*'M&+F9*%!*6!K(98!"6=*MG9!+&8(9!F%!8P(!W#$!&%N!"#$!
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6 Results for Matrix Factorizations 
)*+!8P(!+(9L=89!F%!8PF9!9(,8F*%!O(!L9(N!&!N(9>8*M!9J98('!K&9(N!*%!
/B3C"@A! W*+(/! SL*! `3C11! (kLFMM(N! OF8P! 'L=8FM=(! #W[(! ;B;!
! ;3!9=*89B!)*+!8P(!+(9L=89!OF8P!*%(!*+!8O*!"()*+,(!0011"-.!O(!
L9(N! :/UKF8!YF%N*O9! .#!&%N!W$S\! ;B;B! )*+!8P(!+(9L=89!OF8P!
"()*+,(!"-./01!O(!L9(N!3<UKF8!YF%N*O9!.#!&%N!W$S\!/B1B!
W#$U*%=J!+(9L=89!O(+(!*K8&F%(N!*%!:B1"@A!W*+(/!eL&N!e30D1!
+L%%F%E!3<UKF8!dF%L^B![%!&==!,&9(9!8P(![%8(=!QHd!;1B1!=FK+&+J!F9!
L9(N!6*+!6&,8*+FA&8F*%9!*%!8P(!W#$B!Y(!%*8(N!8P&8!F8!+L%9!9LKU
98&%8F&==J!9=*O(+!F%!:/UKF8B!\==!+(9L=89!&+(!F%!9F%E=(!M+(,F9F*%B!

[%ML8!&%N!*L8ML8!N&8&!&+(!F%!8P(!MF%%(N!W#$!'('*+J?!OPF,P!
M+*7FN(9!&!,*'M+*'F9(!K(8O((%!L9(6L=%(99!F%!&MM=F,&8F*%9!_8P&8!
&+(!=F>(=J!8*!+L%!*%!8P(!W#$a!&%N!M(+6*+'&%,(!_9=*O(+!8+&%96(+9!
8*G6+*'!"#$!F6!8P(!N&8&!F9!F%!M&E(&K=(!'('*+JaB!-P(!,*98!*6!8P(!
'('*+J!&==*,&8F*%!F9!%*8!F%,=LN(N!F%!8P(!8F'F%E9B!

Q&8+F,(9! &+(! M&NN(N! 8*! &%! *NN! 'L=8FM=(! *6! 3<!O*+N9B! -PF9!
P(=M9! &7*FNF%E! &%*'&=*L9! M(+6*+'&%,(! N+*M9! &8! 9*'(! '&8+F^!
9FA(9B!

-P(! ,*++(,8%(99!*6!8P(!&=E*+F8P'9!F9!8(98(N!F%!8P(!6*==*OF%E!
O&JB![%ML8!'&8+F^!' !F9!9J%8P(9FA(N!OF8P!+&%N*'!(%8+F(9!L%F6*+'U
=J! NF98+FKL8(N! F%! ig;?;j! _8*! EL&+&%8((! 9J''(8+F,! M*9F8F7(! N(6FU
%F8(%(99?( ' !o!1B11;)X(p!Y: Y!F9!L9(N!F%98(&N!F%!8(98F%E!8P(!WP*U
=(9>J!6&,8*+FA&8F*%?!OP(+(!Y!F9!8P(!+&%N*'! '&8+F^!&9!N(9,+FK(N!
&K*7(!&%N!X!F9!8P(!FN(%8F8J!'&8+F^aB!]L8ML8!6&,8*+9!&+(!'L=8FM=F(N!
&%N! '&^U%*+'! *6!F89!NF66(+(%,(!OF8P!8P(!F%ML8! '&8+F^!F9!6*L%NB!
-PF9!'(&9L+(9!8P(!K&,>O&+N!(++*+!F%!8P(!6&,8*+FA&8F*%B!Y(!6*L%N!
8P&8!8PF9!(++*+!F9!&K*L8!8P(!9&'(!OP(8P(+!L9F%E!*L+!"#$UK&9(N!
&=E*+F8P'!*+!8P(!ML+(=J!W#$UK&9(N!&=E*+F8P'!F%!8P(![%8(=!QHd!!
_&=O&J9!OF8PF%!&!6&,8*+!*6!/?!&%N!OF8PF%!/1b!F%!'*98!,&9(9aB!-P(!
7&+F&%8!*6!8P(!d$!6&,8*+FA&8F*%!8P&8!'L=8FM=F(9!KJ!8P(!F%7(+9(9!*6!
8P(! NF&E*%&=! K=*,>9! *6! 8P(! 8+F&%EL=&+! '&8+F^! P&9! 9P*O%! &K*L8!
9&'(!&,,L+&,J!&9!OP(%!+L%%F%E!8+F&%EL=&+!9*=7(9! *%!8P(! "#$B!
\9! &%! (^&'M=(?! 8P(! (++*+9! &9! '(&9L+(N! &K*7(! F%! d$?! ef! &%N!
WP*=(9>J!&8!0!o!0;2/!&+(!&K*L8!/111), )rr' rr1&,?!/11), )rr' rr1&, !&%N!
;C), )rr' rr1&, ! +(9MB?! OP(+(!, ( F(/ g/: ! F9! '&,PF%(! (M9F=*%! F%! [```!
9F%E=(!M+(,F9F*%!&%N!rr' rr1&, !F9!8P(!'&^U%*+'!*6!' B!

6.1 Summary of Performance 
)FEB!C!9P*O9!8P(!"6=*MG9!+&8(9!9L98&F%(N!F%!8P(!"#$UK&9(N!'&U
8+F^!6&,8*+FA&8F*%!+*L8F%(9!!&%N!L9F%E!W*+(/!eL&N!&=*%(?!&%N!)FEB!
0!N(8&F=9!8P(!9M((NLM9!79B!W*+(/!eL&NB!\,,*+NF%E!8*!8P(!)FEL+(?!
8P(! ,+*99*7(+! K(8O((%! 8P(! "#$UK&9(N! &%N! W#$U&=*%(! F'M=(U
'(%8&8F*%9! F9! &+*L%N!0! o! ;111! 6*+! &==! KL8! WP*=(9>J! +L%! *%!
"-./01?!OPF,P!F9!&+*L%N!0!o!311B! -P(!K(98!M(+6*+'&%,(9!&+(!
9L''&+FA(N!F%!-&K=(!<B![8!9P*O9!8P&8!8P(!9M((NLM!F9!%(&+=J!8P(!
9&'(! &9! 8P(! 9M((NLM! F%! '&8+F^U'&8+F^! 'L=8FM=J! _4"`QQaB!
@*O(7(+?!NF66(+(%,(!F%!8P(*+(8F,&=!&+F8P'(8F,!M(&>!+&8(9!F9!9LKU
98&%8F&==J!PFEP(+!PFEP=FEP8F%E!8P&8!8P(+(!&+(! '*+(!,*'ML8&8F*%&=!
+(9*L+,(9!&7&F=&K=(!8P&%!O(!,*L=N!P&+7(98B!

)FEB!2!9P*O9!8P(!M(+6*+'&%,(!*6!8P(!d$!N(,*'M*9F8F*%!8P&8!
&,PF(7(9! D:0! "6=*MG9! &8!0(!! /;?111! KJ! +L%%F%E! 8O*! "#$9! F%!
M&+&==(=B!Z*8(!8P&8!&!9F%E=(!"-.!/01!JF(=N9!PFEP(+!+&8(9!8P&%!8O*!
0011!"-.B!4((!8P(!%*8(9!K(=*O!*%!9,&=F%EB!

6.2 Performance Analysis 
)FEB!;1!9P*O9!8P(!K+(&>N*O%!*6!+L%8F'(!F%!8P(!d$!6&,8*+FA&8F*%!
*%!0011"-.B !-P(!K+(&>N*O%!9P*O9!8P&8!LM!8*!21b!*6!8P(!+L%U
8F'(!F9!,*%9L'(N!KJ!,*'ML8F%E!*%!8P(!"#$!&%N!&K*L8!*6!;1b!
*6!8PF9!8F'(!*7(+=&M9!OF8P!,*'ML8F%E!*%!8P(!W#$2!Y(!(^M(,8!8P(!
"#$!M&+8!8*!K(!9'&==(+!OP(%!,*'ML8F%E!OF8P!6&98(+!"#$9!M+*U
NL,F%E! K(88(+! *7(+=&M! &8! =&+E(! '&8+F^! 9FA(9B! -F'(! 9M(%8! F%! 8P(!
W#$U"#$! 8+&%96(+9! F9! 9LK98&%8F&=! &8! 9'&==! &%N! '(NFL'! 9FA(N!
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)FEL+(!;;R!4=*ON*O%!OP(%!*'F88F%E!*%(!*6!8P(!*M8F'FA&8F*%9!L9(N!
OP(%!+L%%F%E!*%!"()*+,(!"-.!/01B!

'&8+F,(9!&%N!9P*L=N!K(!F'M+*7(N!OF8P!8P(!%(O(+!#W[(!F%8(+,*%U
%(,8! 9LMM*+8(N! KJ! 8P(! %(O(+! "#$9! &%N! '*8P(+K*&+N9B! -F'(!
9M(%8! F%! 8+&%9M*9F%E! 8P(! '&8+F,(9! F9! %*8! 9LK98&%8F&=B! [%NF7FNL&=!
'(&9L+('(%89!P&7(!9P*O%!8P&8!8+&%9M*9(!+L%9!&8!/D%<D!"IG9!6*+!
0! {! ;111B! -PF9! 7&+F&8F*%! F%! K&%NOFN8P! F9! NL(! 8*! 8P(! '*N(+&8(!
E+&%L=&+F8J!*6!8PF9!*M(+&8F*%B!)*+!(^&'M=(?!F8!8&>(9!hC" 9!8*!,*MJ!
*+!8+&%9M*9(!&!;1/<! 3<!'&8+F^!&8!8P(!M(&>!9L98&F%(N!K&%NOFN8P!
*6!C3!"IG9?!OPF,P!F9!,=*9(!8*!8P(!>(+%(=!=&L%,P!*7(+P(&NB!W#$U
"#$! 8+&%96(+9! +L%! &8! :B1%:B:! "IG9! 6*+!0({! ;111?! OPF,P! &MU
M+*&,P(9!8P(!M(&>!9L98&F%(N!+&8(B!

)FEB!;;!(7&=L&8(9!8P(!F'M&,89!*6!NF66(+(%8!*M8F'FA&8F*%9!L9(N!
OP(%!,*'ML8F%E!*%!"-./01B!-P(!'*98!F'M*+8&%8!*M8F'FA&8F*%!
O&9!L9F%E!+*OU'&u*+!=&J*L8!*%!8P(!"#$!8P&8!%(&+=J!N*LK=(N!8P(!
M(+6*+'&%,(! &8! =&+E(! M+*K=('! 9FA(9B! [%NF7FNL&=! '(&9L+('(%89!
P&7(! 9P*O%! 8P&8! MF7*8F%E! 8&>(9! ;%;1b! *6! 8F'(! F%! 8P(! (%8F+(!
,*'ML8&8F*%! 6*+!0! {! ;D11! F6! N*%(! F%! 8P(! +*OU'&u*+! =&J*L8B! [%!
8P&8! ,&9(!F8!&,PF(7(9!C%/D! "IG9! *6! (66(,8F7(!K&%NOFN8PB!YP(%!
L9F%E! ,*=L'%U'&u*+! =&J*L8?! F8! 8&>(9! /C%D1b! *6! 8P(! 8*8&=! 8F'(!
&%N!+L%!&8!1B:%;B0"IG9?!OF8P!9=*O(+!+&8(9!6*+!=&+E(+!'&8+F,(9B!

\!9L+M+F9F%E=J!=&+E(!9M((NLM!_LM!8*! :1ba!O&9!*K8&F%(N!KJ!
M(+6*+'F%E!8+F&%EL=&+!9*=7(!7F&! 'L=8FM=JF%E!KJ!8P(!F%7(+9(! '&U
8+F^B! -+F&%EL=&+!9*=7(!OF8P!&!3<! 3<!8+F&%EL=&+! '&8+F^!&%N!0;2/!
+FEP8! P&%N! 9FN(9! +L%9! &8! ;0! "6=*MG9! *%! "-./01! OP(%! L9F%E!
W$Id\4! /B1B! [8!F9!&%!*+N(+!*6! '&E%F8LN(!9=*O(+!8P&%!8P(! /30!
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