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Context: Automatic Tuning of Sparse Kernels

Road-blocks to writing efficient sparse code
high bandwidth requirements (extra storage)

poor locality (indirect, irregular memory access)

poor instruction mix (data structure manipulation)

typical sparse matrix-vector multiply (SpM � V) performance:
less than 10% of machine peak

performance depends on kernel, architecture, and matrix

Goal: automatically choose “best” data structure and
implementation (code), given matrix and machine

Inspiration: ATLAS/PHiPAC, FFTW/SPRIAL/UHFFT, SPARSITY . . .

This talk: 	 
 	 � � 
 ��� , or Sp

� 
 �

Iterative interior point methods [WO95], SVD [Dem97], HITS algorithm [Kle99]

Other kernels: SpM � V [SC’02], trisolve [ICS/POHLL’02],

� ��� ,

� � � �

, . . .
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Motivating Example: Matrix raefsky3
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13248 
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18560 

21216 

1.49 million non−zeros

Matrix 02−raefsky3

N = 21200

nnz = 1.5M

Kernel = Sp
� � �

A natural choice:

blocked compressed

sparse row (BCSR).

Experiment:

Measure performance of

all block sizes for

.
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Motivating Example: Matrix raefsky3
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Matrix 02−raefsky3: 8x8 blocked submatrix (1:80, 1:80)

N = 21200

nnz = 1.5M

Kernel = Sp
� � �

A natural choice:� � �
blocked compressed

sparse row (BCSR).

Experiment:

Measure performance of

all � �� block sizes for��� � � �� � � � � � �  

.
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Speedups on Itanium: The Need for Search
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Key Questions and Conclusions

How can we exploit the memory hierarchy for Sp

� 
 �
?

Interleave multiplication by

�

,

� �

(up to 1.6x speedup)

Combine with prior SPARSITY register blocking optimization (4.2x)

How do we choose the best data structure automatically?
Matrix may be unknown until run-time

Heuristic for choosing optimal (or near-optimal) block sizes

What are the limits on performance of blocked Sp

� 
 �

?
Derive performance upper bounds for blocking

For SpM � V, within 20% of bound ! tuning limited [SC’02]

For Sp

� � �

, within 40% of bound ! tuning opportunities a la ATLAS
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Related Work

Automatic tuning systems and code generation

PHiPAC [BACD97], ATLAS [WPD01], SPARSITY [Im00]

FFTW [FJ98], SPIRAL [PSVM01], UHFFT [MMJ00]

MPI collective ops (Vadhiyar, et al. [VFD01])

Sparse compilers (Bik [BW99], Bernoulli [Sto97])

Generic programming (Blitz++ [Vel98], MTL [SL98], GMCL [Neu98], . . . )

FLAME [GGHvdG01]

Sparse performance modeling and tuning

Temam and Jalby [TJ92]

Toledo [Tol97], White and Sadayappan [JBWS97], Pinar [PH99]

Navarro [NGLPJ96], Heras [HPDR99], Fraguela [FDZ99]

Gropp, et al. [GKKS99], Geus [GR99]

Sparse kernel interfaces

Sparse BLAS Standard [BCD

"

01]

NIST SparseBLAS [RP96], SPARSKIT [Saa94], PSBLAS [FC00]

PETSc, hypre, . . .
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Memory Hierarchy Optimizations for Sp

� � �
Cache-level: Interleave multiplication of � by

�

,

� 


:

	# � 
 ��� # $&%(' ) ) ) % * + ,-,
% 
'

) ) )
% 
 *

.-. �

# *
/10' % /$&% 
 /� + ) (1)

Dot-product, followed by “axpy”: reuse % 
 /.

Register-level: Take to be a block row composed of blocks.

Question: How to choose ?
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Memory Hierarchy Optimizations for Sp

� � �
Cache-level: Interleave multiplication of � by

�

,

� 


:

	# � 
 ��� # $&%(' ) ) ) % * + ,-,
% 
'

) ) )
% 
 *

.-. �

# *
/10' % /$&% 
 /� + ) (1)

Dot-product, followed by “axpy”: reuse % 
 /.

Register-level: Take % 
 /to be a block row composed of 2 34 blocks.

Question: How to choose 265 4 ?
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2x2 Code Example

1 for( i = 0 ; i < mb ; i++, t += 2 ) {/* for each block row

�87 */
2 register double t0 = 0, t1 = 0;
3 for( j = ptr[i] ; j < ptr[i+1] ; val += 2*2 ) {/*

9: �7 � */
4 register double x0 = x[ind[0]+0] , x1 = x[ind[0]+1] , ;
5 t0 += val[0*2+0] *x0 ;
6 t1 += val[1*2+0] *x0 ;
7 t0 += val[0*2+1] *x1 ;
8 t1 += val[1*2+1] *x1 ;

}

9 RESET( ind, val );
10 for( j = ptr[i] ; j < ptr[i+1] ; val += 2*2 ) {/*

9: � �7 � */
11 register double y0 = 0, y1 = 0 ;
12 y0 += val[0*2+0] *t0 ;
13 y1 += val[0*2+1] *t0 ;
14 y0 += val[1*2+0] *t1 ;
15 y1 += val[1*2+1] *t1 ;
16 y[ind[0]+0] += y0 ; y[ind[0]+1] += y1 ;

}

}
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Register-Level Blocking (SPARSITY): 3x3 Example
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3 x 3 Register Blocking Example
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Register-Level Blocking (SPARSITY): 3x3 Example
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3 x 3 Register Blocking Example

BCSR with uniform, aligned grid
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Register-Level Blocking (SPARSITY): 3x3 Example

0 10 20 30 40 50

0

5

10

15

20

25

30

35

40

45

50

(688 true non−zeros) + (383 explicit zeros) = 1071 nz

3 x 3 Register Blocking Example

Fill-in zeros: trade-off extra flops for better efficiency

This example: 50% fill led to 1.5x speedup on SpM � V on Pentium III
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Approach to Automatic Tuning: Choosing ;=< >
For each kernel (e.g., Sp

� 
 �

):

Identify and generate a space of implementations� �� blocked, interleaved code up to

� � �

Search to find the fastest using models, experiments
Off-line benchmarking (once per architecture): Measure blocked
interleaved Sp

� � �

Mflop/s on dense matrix in sparse format

Run-time: Estimate fill for all � ��
Inspiration: SPARSITY for SpM 3 V [Im & Yelick ’99]

See also: SC’02 paper
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Off-line Benchmarking [Intel Itanium 1]

97

117

137

157

177

197

217

237

257

277

297

317

337

1 2 3 4 5 6 7 8 

1 

2 

3 

4 

5 

6 

7 

8 

column block size (c)

ro
w

 b
lo

ck
 s

iz
e 

(r
)

Register Profile for ATAx: Dense Matrix [itanium−linux−ecc]
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333 MHz Sun Ultra 2i (2.88)
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Register Profile for ATAx: Dense Matrix [ultra−solaris]
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Register Profile for ATAx: Dense Matrix [pentium3−linux−icc]
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Register Profile for ATAx: Dense Matrix [power3−aix]
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Performance Bounds for Block Interleaved Sp

� � �
How close are we to the speed limit of blocking?

Upper-bounds on performance: (flops) / (time)
Flops = 4 * (number of true non-zeros)

Lower-bound on time: two key assumptions
Consider only memory operations
Count only compulsory, capacity misses (i.e., ignore conflicts)

Bound is a function of
Cache capacity
Cache line size
Access latencies at each level
Matrix and ��� � (through fill ratio)

For details and justification, see paper and [SC’02]
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Cache Miss Model: Parameters

Model parameters:�

is ? �@ with

A

non-zeros, stored in � �� BCSR formatB7 cache, where

� CD CFE

size

G7

line size

H 7

access latency I 7

Memory access latency IFJ KJ

One double == L integers

Working set: volume of data needed for each block rowMON

= matrix data working set per block rowMOP

= vector data working set per block row

Memory Hierarchy Optimizations and Performance Bounds for Sparse
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Cache Miss Model: Lower Bound

Number of compulsory misses:

'QSR T *U VXW � Y[Z \
Lower bound on

] /misses: two cases
1. Entire working set fits in cache:

MON^ M P C G7

_7 ` � H7 a ?� MON ^ �@ b
2. Working set exceeds capacity:

MN^ M Pc G7

_7 ` � H7 a ?� MON^ �@ ^ ?� d MON ^ M P�e G7 f b

Assumes full associativity and complete “user” control of data
placement in cache—see paper
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Overview of Performance Results

Experimental setup

Four machines: Pentium III, Ultra 2i, Power3, Itanium

44 matrices: dense, finite element, mixed, linear programming

Reference: CSR (i.e.,

g 3 g

or “unblocked”), no interleaving

Measured misses and cycles using PAPI [BDG

h

00]

Main observations

Interleaving (cache optimization): up to 1.6x speedup

Reg + cache: up to 4.2x speedup, 1.8x over blocked
non-interleaved

Heuristic choice within 10% of best performance

Performance is 20–40% of bound: more tuning possible
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Performance Results: Sun Ultra 2i
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Performance Results: Sun Ultra 2i
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Performance Results: Sun Ultra 2i
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Performance Results: Sun Ultra 2i
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Performance Results: Sun Ultra 2i
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Performance Results: Sun Ultra 2i
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Performance Results: Intel Pentium III
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Performance Results: Intel Itanium 1

1 2 3 4 5 6 7 8 9 10 11 12 13 15 17 21 25 27 28 36 40 44
0

25
50
75

100
125
150
175
200
225
250
275
300
325
350
375
400
425
450
475
500

matrix no.

P
er

fo
rm

an
ce

 (M
flo

p/
s)

ATAx Performance [800 MHz Intel Itanium]

D FEM FEM (var. blk.) Mixed LP

Upper bound
Upper bound (PAPI)
Cache + Reg (best)
Cache + Reg (heur)
Reg only
Cache only
Reference

DGEMV (n=1000): 315 Mflop/s
Memory Hierarchy Optimizations and Performance Bounds for Sparse

� � �� – p.19/30



[ <--> ]

Performance Results: IBM Power3
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Conclusions

Tuning can be difficult, even when matrix structure is known
Performance is a complicated function of architecture and matrix

With memory hierarchy optimizations, 4.2x speedup possible

Heuristic for choosing block size selects optimal implementation,
or near-optimal (performance within 5–10%)

Opportunities to apply ATLAS/PHiPAC/FFTW/. . . style tuning

Performance is often within 20–40% of upper-bound, particularly with FEM

matrices

Memory Hierarchy Optimizations and Performance Bounds for Sparse
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BeBOP: Current and Future Work (1/2)

Further performance improvements for SpM 3 V
symmetry (up to 2x speedups)

diagonals, block diagonals, and bands (2x),

splitting for variable block structure (1.5x),

reordering to create dense structure (1.7x),

cache blocking (4x)

multiple vectors (7x)

and combinations . . .

How to choose optimizations & tuning parameters?

Sparse triangular solve (ICS’02: POHLL Workshop paper)

hybrid sparse/dense structure (1.8x)

Higher-level kernels that permit reuse� � �� ,

� � �� (4.2x)�� and

� �6i simultaneously,

� �� ,

� � � �

, . . . (future work)
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BeBOP: Current and Future Work (2/2)

An automatically tuned sparse matrix library
Code generation via sparse compilers (Bernoulli; Bik)

Plan to extend new Sparse BLAS standard by one routine to support tuning

Architectural issues
Latency vs. bandwidth (see paper)

Using models to explore architectural design space

Memory Hierarchy Optimizations and Performance Bounds for Sparse
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Extra Slides
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Speedups on Ultra 2i: Block Interleaved
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Speedups on Itanium: Block Interleaved
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Search: Choosing the Block Size

Off-line benchmarking (once per architecture)

Measure Dense Performance (r,c)
Performance (Mflop/s) of optimized Sp

� � �

for a dense matrix in sparse � ��

blocked format

At run-time, when matrix is known:

Estimate Fill Ratio (r,c),

j 2 5 4
Fill Ratio (r,c) = (number of stored values) / (number o f true non-zeros)

Choose 265 4 that maximizes

kml n ) ompq rSsq t uv w p $q 5 w + # x p v l p ompq rSsq t uv w p $q 5 w +yz { {| u nz s $q 5 w +

(See SC’02)
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Where Does the Time Go? Model Prediction (Power3)
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Where Does the Time Go? PAPI (Power3)
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Platforms

Sun Intel IBM Intel

Ultra 2i Pentium III Power3 Itanium

Clock (MHz) 333 500 375 800

Bandwidth (MB/s) 500 680 1600 2100

Peak (Mflop/s) 667 500 1500 3200

DGEMM (Mflop/s) 425 331 1300 2200

DGEMV (Mflop/s) 58 96 260 315

STREAM TRIAD (MB/s) 250 350 715 1100

No. double FP regs 16 8 32 128

L1 (KB) : line (B) : lat (cy) 16:16:1 16:32:1 64:128:.5 16:32:1

L2 2048:64:7 512:32:18 8192:128:9 96:64:6–9

L3 n/a n/a n/a 2048:64:21–24

Memory lat ( } cy) 36–66 26–60 35–139 36–85

Compiler cc 6 icc 7 xlc 5.1 icc 7
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