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Abstract

Sparsamatrix-vectormultiplication (SpMxV) is oneof themostimportantcomputationakernelsin
scientificcomputing. It often suffers from poor cacheutilization and extra load operationsbecausef
memoryindirectionsusedto exploit sparsity

We proposealternatve datastructuresalongwith reorderingalgorithmsto increaseeffectiveness
of thesedatastructuresto reducethe numberof memoryindirections. Toledo proposechandlingthe
1x2 blocksof a matrix separatelydoing only oneindirectionfor eachblock. We proposepackingall
contiguousnonzerodnto a block to reducethe numberof memoryindirectionsfurther. This reduces
memoryindirectionsperblock to onefor the costof anextraarrayin storageandaloop during SpMxV.

We alsoproposean algorithmto permutethe nonzerosof the matrix into contiguoudocations.We
statethis problemasthetraveling salespersoproblemanduseassociatetieuristics Experimentwerify
the effectivenes®f ourtechniques.

1 Introduction

Oneof the mostimportantcomputationakernelsin scientificcomputingis multiplying a sparsamatrix by
avector Mary algorithmsusesparseamatrix-vector multiplication (SpMxV) in their innerloop (iteratve
solersfor systemsf linear equationdeingjust one example). The repeatedexecutionof this operation
potentiallyamortizeghe costof a preprocessinghasewhich mightleadto computationasaszingsin sub-
sequenexecutions.Theimportanceof the SpMxV operatiorhasmadethis challengingproblemthe subject
of numerousesearctefforts.

Datastructuresusedfor sparsematricesusually have two components{(i) an arraythat storesall the
floating-pointentriesof the matrix, (ii) arraysthat storethe sparsitystructureof the matrix, i.e., pointers
to the locationsof the floating-pointentriesin the matrix. To exploit the sparsityof the matrix the useof
pointersis unavoidablebut oftenlimits thememorysystenperformanceOnereasorfor thisis thatpointers
usuallyleadto poorcacheutilization, sincethey lack spatiallocality. The numberof cachemissedfor the
right- and/orleft-hand-sidevectorscandramaticallyincreasef the sparsematrix hasanirregular sparsity
structure.Anotherimportantfactoris thatmemoryindirections(pointers)requireextraload operationsin
sparsematrix operationsthe numberof floating-pointoperationsper load operationis lower thanthat of
densematrix operationslimiting overall performance.
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We proposealternatve datastructuresaswell asreorderingalgorithmsto increasethe effectiveness
of thosedatastructuresto reducethe numberof memoryindirectionsin SpMxV. Toledo[7] proposed
identifying 1 x 2 blocksof a matrix andwriting the matrix asthe sumof two matrices thefirst of which
containsall the 1 x 2 blocksandthe secondcontainsthe remainingentries. Thus,the numberof memory
indirectionsis reducedo only onefor eachl x 2 block. In analternatve schemewe packall thenonzeros
in contiguouslocationsinto a block to reducefurther the numberof memoryindirections,becausenly
onememoryindirectionsis requiredfor all the nonzerosn a block. However, we thenneedto knov how
mary nonzerosarein eachblock, whichrequiresanextraarrayandanextraloop during SpMxV. Thiswork
concentratesnthelatterproblem.

We alsoproposereorderingthe matricesto increasehe effectivenesf our datastructures The objec-
tive of reorderingis to permutethe nonzeroof the matrix into contiguoudocations,asmuchaspossible,
to enlage the denseblocks. We canshawv thatthis problemis NP-Completeandthusheuristicsmustbe
usedfor a practicalsolution.We proposea graphmodelto reducethe problemto thewell-studiedtraveling
salespersoproblem,andthuswe canuseheuristicsdesignedor thatproblem.

We verify experimentallythe effectivenessof the proposeddatastructuresand algorithms. Our new
datastructuresandreorderingtechniquesproduceimprovementsof up to 33% andimprovementsof 21%
onaverage.

Theremainderof this paperis organizedasfollows. Section2 discusseshe shortcomingf current
sparseamatrix datastructuresandproposesien alternatves. Section3 statesa nev matrix reorderingalgo-
rithm to permutethe nonzeroof the matrixinto contiguoudocations.Experimentatesultsarepresentedh
Sectiond, andfinally we concludewith Section5.

2 SparseMatrix Data Structures

Themostwidely usedsparsematrix storageschemeas CompessedRowsStolage (CRS).As its nameimplies,
this schemestoresthe sparsematrix asa sequenc®f compressedows. Threearraysareemplged: Ay,
Colind and Rowptr. The nonzerosof the sparsematrix A arecompressethto anarray Ay in arowwise
manner Thecolumnindex of eachnonzercentryis storedin thearrayColind, i.e., Colind]i] is thecolumn
index of thenonzercentrystoredin A;[4]. Finally, Rowptr storegheindex of thefirst nonzercof eachrow.
Figurel presenta SpMxV algorithmusingcompressedow storage.

for i <~ 1tomdo
yli] < 0;
for j < Rowptr[i] to Rowptr[i + 1] — 1 do
ylil < ylil + Ay[s] * z[Colind]J]];

Figurel: SpMxV algorithmin compressedow storage



Sparsamatrix-vectormultiplication(SpMxV) algorithmstendto suffer from poormemoryperformance.
Onereasorfor thisis ineffective cacheutilization. Temporallocality is limited to right- andleft-hand-side
vectorsand Rowptr array No temporallocality is presentin arraysA; and Colind. In CRS,thereis
goodtemporallocality in the left-hand-sidevectory, but the accesgatternfor the right-hand-sidevector
canbe quiteirregular, causingexcessie cachemisses.Reorderinghe matrix to reducecachemisseswas
proposedby Das. etal. [3], who suggestededucingthe bandwidthof the matrix. TemamandJalby|[6]
analyzedhe numberof cachemissesasa functionof the bandwidthfor variouscacheparametersBurgess
andGiles[2] experimentedvith variousorderingalgorithmsandfoundthatreorderinghe matriximproves
performanceomparedvith randomordering,but they did not detecta notablesensitvity to the particular
orderingmethodused.Toledo[7] studiedreorderingalongwith othertechniquesandreportedhatReverse
Cuthill-McKeeorderingyieldedslightly betterperformancebut the differencesverenot significant.

Another problemwith SpMxV is that the ratio of load operationsis higher than with densematrix
operations.Oneextra load operationis requiredto find the columnindex of eachnonzeroentryfor each
multiply-addoperation.Theinnermosistatemenin thealgorithmin Figurel requireshreeloadoperations
for two floating-pointoperationsThis notonly increaseshetotal numberof loadinstructionsput alsocan
causeheloadunitsto beabottleneck gspeciallyin recentarchitecturessdiscussedh [7].

Thefollowing two sectiongresentatastructureghatcandecreas¢éhenumberof memoryindirections
during SpMxV operation.

2.1 Fixed-SizeBlocking

In this approachthematrixis written assumof seseralmatrices someof which containthe denseblocksof
the matrix with a prespecifiesize. For instancegivena matrix A, we candecomposé into two matrices
Ao andAq;, suchthatA = A9 + A11, whereAd;, containghel x 2 denseblocksof the matrixand A;;
containsthe remainder An exampleis illustratedin Figure2. A simplegreedyalgorithmis suficient to

T T T T T
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A = A + Ay

Figure2: Fixedsizeblockingwith 1 x 2 blocks

extractthe maximumnumberof 1 x [ blocksin a matrix, wherel < I < n. However, the problemis more
difficult for k£ x I blocksfor k£ > 1.

Exploiting denseblockscanreducethe numberof load operationsaswell asthetotal memoryrequire-
ment,becaus®nly oneindex perblockis required.Moreover, theentryof theright-hand-siderectorz can



be usedmultiple times—aspposedo oncein the corventionalscheme—afteaload operation.
A similar problemhasbeenstudiedin the contet of vectorprocessorg§l], but thoseefforts concentrate
onfinding fewer blocksof largersize,whereasve areinterestedn muchsmallerblocks.

2.2 Blocked Compressed Row Storage

In this sectionwe proposea new sparsematrix storageschemedesignedio reducethe numberof load
operations.The ideaof this schemeis to exploit the nonzerosn contiguouslocationsby packingthem.
Unlike fixed-sizeblocking, the blockswill have variablelengths. This enabledongernonzerostringsto
be pacledinto a block. As in fixed-sizeblocking, if we know the columnindex of the first nonzeroin a
block,thenwewill alsoknow the columnindicesof all its othernonzerosin otherwords,only onememory
indirection(extraloadoperation)s requiredfor eachblock.

This storageschemeequiresanarray N zptr (of lengththe numberof blocks)in additionto the other
threearraysusedin CRS:afloating-pointarray A, (of lengththe numberof nonzerosj}o storethenonzero
values anarrayColind (of lengththe numberof blocks)to storethe columnnumberof thefirst nonzerdor
eachblock, andanarray Rowptr (of lengththe numberof rows) to point to the positionwherethe blocks
of eachrow start. N zptr storesthelocationof thefirst nonzeroof eachblockin array A;. We referto this
storageschemeasbloded compessedow storage (BCRS).Figure 3 presentsaan exampleof BCRS,and
the SpMxV operationusingthis storagds presentedn Figure4.

5. 1. 7. 0 0 Ap = (5,1.,7.1.,2.3.,2.,4.,1.,3.,6.,3.)
0 1. 0 2. 3. Colind = (1,2,4,2,3,2,5)
A= 0 2. 4. 0 0 Rowptr = (1,2,4,5,6,8)
0 0 1. 3. 0 Nzptr = (1,4,5,7,9,11,12,13)
0 6. 0 0 3.

Figure3: Exampleof blocked compressedow storage

This storageschemeaeducesxtra load operationdut requiresan extraloop duringthe SpMxV opera-
tion andthussuffers additionalloop overhead.If the sizesof the blocksaresmall,the overheaddueto the
extraloop will dominatethe gaindueto decreasetbad operations.Thus,the effectivenesf this storage
schemalependsglirectly on the sizesof the blocksin the matrix.

Thetotal volumeof storagehasa similartradeof. Two numbergonein Colind andonein N zptr) are
storedfor eachblockin thematrix,asopposedo onenumberfor eachnonzero.Thus,if theblocksarelarge
enoughthetotal storagesizecanbesignificantlyreduced.

3 Reorderingto Enlarge Dense Blocks

The previous sectiondescribedur datastructurego exploit denseblocksof a matrix. The effectiveness
of thesedatastructuresdependdirectly on the availability of denseblocks. In this sectionwe describe



for i < 1tom do
yli] < 0;
for j < Rowptr[i] to Rowptr[i + 1] — 1 do
startcol < Colind[j];
t < 0;
for k < Nzptr[j] to Nzptr[j + 1] — 1 do
yli] < yli] + Ag[k] * z[startcol + t];
t+t+1;

Figure4: SpMxV with blocked compressedow storage

reorderingalgorithmsto enlage denseblocksof a matrix. First, we will formally definethe problemand
proposea graphmodelto reducethe problemto the traveling salespersoproblem(TSP). Thenwe will
discusdriefly heuristicswe usedfor solving TSP

3.1 Problem Formulation

Our objective in reorderingthe matrix is to increasahe sizesof the denseblocksin arow, i.e., to alignthe
nonzerosn arow in consecutie locationsasmuchaspossible.Thisrequiresreorderingof columnsandis
not affectedby orderingof rows. Thus,rows of the matrix canbe reorderedvithout disturbingthe aligned
nonzerowithin arow (e.g.,the samereorderingcanbeappliedto rows to presere symmetry). Thesetech-
niquescanalsobe usedto align nonzeroswithin a columnby interchangingherolesof columnsandrows.
A formal descriptiornof the problemfollows.

Givenanm x n matrix A = (a;;), find an ordering of columnsto maximizethe numberof (4, j) pairs
satisfyinga;; # 0 anda;;j11 # 0, i.e.,

Mazimize #((4,7):1<i<m,1<j<n:a;#0 and ajj41 #0).

In the Appendix,we shav thatthe problemis NP-Completeby usingreductionfrom HamiltonianPath
problem. Thus,we mustresortto heuristicsfor a practicalsolution. Suchan orderingproblemis naturally
closeto TSP However, we arelooking for a path,not a tour (cycle) of vertices.Althoughthisis a slightly
differentversionof the problem, heuristicsdesignedo find a tour canstill be usedor adaptedo find a
pathof vertices. Thus,our stratgy will befirst to definea graphmodelthatreducesour matrix reordering
problemto the well-studiedTSP anduseheuristicsalreadydesignedor TSPto reorderour matrices.For
thesale of presentationywe will referto the maximizationversionof TSRi.e.,

GivenagraphG = (V, E) anda weightingfunctionw onits edgs, find a tour (vg, v1, ... vjy|_1) tO

maximize
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Figure5: Edgeweight computation.Graphshavs edgeweightsof matrix on left-handside. Matrix after
reorderings presentean right.

Z w(v, Viy1)-

0<i<|V|
Noticethattheweightof theedge(vy|, vo) is notincluded,sincewe needa path,notatour
Sincewe aretrying to reordercolumnsof the matrix, the graphthat reducesthe matrix reordering
problemto TSP hasverticesrepresentinghe columnsof the matrix. The weight of an edgebetweenwo
verticesis definedasthe numberof rows wherebothrespectre columnshave anonzeroj.e.,

w(u,v) =#G@:1<i<m:ajy #0 and ay #0)

An alternatve definition,which alsogivesthe basicsof analgorithm,is asfollows. Let S4 = (s;;) bea
matrix of zerosandoneswith the samenonzerostructureasaA, i.e.,

Sij=1 = aij;é().

LetW = S45%. Theweightfunctioncanbedefinedby thematrix W = (w;;) asw(u,v) = wy,. Figure5
illustratesanexampleof edgeweightcomputationin this examplethe weightof the (0, 1) edgeis equalto
1 becauseolumns0 and1 sharea nonzeroonly in thefirst row, whereaghe weightof the (1,4) edgeis
equalto 2 becauseolumnsl and4 sharenonzerosn thefirstandsecondows.

Noticethatalthoughaweight(possiblyzero)is assignedo ary pair of verticesin thegraph(ary ordering
is afeasiblesolutionfor thematrixreorderingoroblem), W is expectedo besparsewhichmustbeexploited
for the sale of efficiengy (or evenexistence)of a practicalsolution.

If theverticesu andwv arein consecutie locationsin the TSPsolution,thenthe respectie columnswill
bein consecutie locationsin theorderedmatrix, andw(u, v) nonzerowill bein contiguoudocations.The
larger the weightsof the edgedn the tour, the greaterthe numberof nonzerosn contiguoudocationswill
be. In generalfinding a tour with maximumweightin this graphcorrespondso finding an orderingwith
maximumnumberof contiguousonzerosTo bemoreprecisethe numberof blocks(asin BCRSscheme)
in thereorderednatrix is equalto the numberof nonzerosn the matrix minusthetotal weightof the TSP
tour, sinceeachunit of weightcorrespond#o locatinganonzeraadjacento anotheione thusdecreasinghe



numberof blocksby one.Consequent|ya tour with maximumweightdescribesanorderingwith minimum
numberof blocks.

In the exampleof Figure5, the matrix has13 nonzeros. TSP solutionusedto reorderthe matrix is
0—2—1—4— 3, thetotal weightof whichis 2 + 2 + 2 + 2 = 8. Thenumberof blocksin thereordered
matrixis 13 — 8 = 5.

3.2 Heuristicsfor TSP

Asin mary othercombinatoriabptimizationproblemsheuristic§or TSPcanbeclassifiednto two groups:
constructre andimprovement.Constructie heuristicdirectly constructasolutionfor theproblemwhereas
improvementheuristicsstartwith a given solutionandtry to improve thatsolutionby searchinghe neigh-
borhood. A comprehense discussiorof TSP solutionmethodscanbe foundin [4, 5]. In this work, we
adoptedheuristicsfrom the literatureinsteadof designingour own. Here we discussbriefly the heuris-
tics usedin our experiments.Sincematrix reorderingis proposedasa preprocessingtep,we focusedon
computationallyefficient heuristics.

Thesimplestconstructie heuristicis to usetheinitial orderingof the matrix. Matricesoftenhave some
naturalorderingthat can be usedasaninitial solution. We also useda vertec insertionprocedure. The
processstartswith aninitial path of onerandomvertex, andverticesare insertedone by oneto the path
until all areincludedin the path. At eachstep,a vertex thatis notin the currentpathis randomlychosen
andinsertednto the path,sothatthe sumof weightsof edgedo its successoandpredecessas maximum.
Thefinal constructie heuristicwe usedis to startwith a randomvertex astheinitial pathandproceedoy
insertingverticesat the endof the path. At eachstep,the vertex thatis connectedo the lastvertex of the
currentpathwith the heaviestedgeweightis insertedatthe endof the path.

Improvementheuristicshave the sameflavor asconstructre heuristics.Oneof the heuristicswe used
depend®n vertex insertion.But this time a vertex is first removedfrom the currentpath,unlike the casein
constructie heuristics andthenreinsertedo maximizethe total weight of the tour. We alsousededgeor
pathreinsertionprocedureswhich are similar to vertex insertion. In theseheuristics edgeqpathsof two
vertices)or longerpathsarereinsertednsteadof vertices(namedOr-opt proceduren [4]).

4 Experimental Results

We implementedhe new datastructuresandreorderingalgorithmsin C andcomparedheir performances
with that of corventionalcompressedow storage(CRS)scheme.We experimentedwith a collection of
matricesselectedrom the Harwell-Boeingsparse-matrixollection. All experimentsvereperformedon a
SunEnterprise3000.

In the first setof experimentswe investigatedhe effectivenessof our orderingtechniques.Figure 6
present®urexperimentalesultswith 1 x 2 blocked matricesafterReverseCuthill-McKee(RCM) ordering,



usingtheinitial ordering,andTSPordering(describedn Section3). TSPsolutionsaregeneratedby starting
with the initial orderingand then using a vertex insertionprocedureto improve the initial solution. In
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Figure6: Effectivenesf ordering

Figure6, SpMxV timesarenormalizedwith respecto SpMxV timeswith the corventional CRSscheme.
1 x 2 blocking after TSP orderingalways improves performanceandis always superiorto the othertwo
orderingmethods The differencebecomewery significantfor dw8192 andbcsst k28. Onaverage,TSP
orderingreduceghe runtime of a SpMxV operationto 79% of that of the corventionalschemewhereas
RCM orderingandusingtheinitial orderingarelimited to only, 95%and92%,respectiely.

Figure 7 presentsour resultswith the two new datastructures.Again, SpMxV timesare normalized
with respecto SpMxV timeswith the corventional CRSscheme Fixed-sizeblockingis superiorto BCRS
for mostmatricesandon average.BCRSoutperformdixed-sizeblockingfor four matrices:bcsst k28,
cavity26, bcsstk30,andbcsst k32.

We alsoexperimentedvith minor modificationsof thedatastructuresFor instanceusingl x 3 blocks
insteadof 1 x 2 increaseshe performancdyy 3% on average put furtherincreasingheblock sizedoesnot
help. Usingblocked compressedow storageonly for blocksof sizegreaterthan1 andusingthe conven-
tional schemdor theremaindeincreasedhe performancédy 8%, comparedvith blocked compressedow
storage We arein the proces®f tuningour datastructuregor maximumperformance.

The resultsshav that significantsavings canbe achieved by exploiting the denseblocksin a matrix.
Reorderinghematricesyieldsnotablemprovementn performancepffsettingthecostof thepreprocessing
phasewhichis oftenamortizedover repeatedSpMxV operationsvith the samematrix.
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Figure7: Comparisorof datastructures

5 Conclusionsand Future Work

We have presentedien datastructuresalongwith amatrixreorderingalgorithmto increaseaheeffectiveness
of thosedatastructuresgesignedo decreasthenumbermf memaoryindirectionsduringsparsematrix-vector

multiplication. The datastructuresexploit denseblocks—nonzeros contiguoudocations—ofthe matrix.

We alsoproposedh reorderingalgorithmto enlage the denseblocksof a matrix. Experimentsverify the

effectivenesof proposedechniqueswith obseredperformancémprovementof upto 33%andanaverage
improvementof 21%.

Currentlywe areworking onimproving the performancef the proposedechniquesWe arealsoinves-
tigating alternatve waysof exploiting the densityin the sparsanatricesby designingadditionalnew data
structures.Finally, we planto experimentwith variousarchitectureso obsere the performanceof these
techniquesvith avarietyof architecturaparameters.
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Appendix NP-Completenessof Problem

In this sectionwe prove thatorderinga sparsematrix to increasesizesof denseblocksis NP-Completeby
usingreductionfrom the HamiltonianPath problem.First we statea decisionversionof the problem:

Givenanm x n matrix A = (a;;), decideif thete existsan ordering of columns whete the numberof
(4,7) pairs satisfyinga;; # 0 anda; ;41 # 0 is greaterthanor equalto a givenboundB.

GivenasimplegraphG = (V, E) (noloops,no paralleledges)construcan|E| x |V| matrix A. In this
matrix eachrow representan edgeandeachcolumnrepresents vertex in the graph. Let the sth column
representheith vertex. The nonzerostructurematrix A is definedsuchthattherearenonzerosat a;; and
a;i, for eachedgee; = (v, v).

To increaseahe sizeof denseblocks,we have to bring the columnsof adjacentverticesto consecutie
locationsin thereorderednatrix. Noticethattwo adjacentolumnscansharenonzerosn at mostonerow,
becausedhereareno paralleledges. Therecanbe at most|V| — 1 blocksof sizel x 2 afterreordering,
achi&zedwhentheverticesof consequentolumnsshareanedgein thegraph,which definesa Hamiltonian
pathin thegraph.

It is alsoeasyto seethe problemis in NP, sincea givensolutioncanbeverifiedin polynomialtime. So
we canconcludethatthe problemis NP-Complete. ]
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