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Abstract

Sparsematrix-vectormultiplication(SpMxV) is oneof themostimportantcomputationalkernelsin
scientificcomputing. It often suffers from poorcacheutilization andextra loadoperationsbecauseof
memoryindirectionsusedto exploit sparsity.

We proposealternative datastructures,alongwith reorderingalgorithmsto increaseeffectiveness
of thesedatastructures,to reducethe numberof memoryindirections. Toledoproposedhandlingthe
1x2 blocksof a matrix separately, doingonly oneindirectionfor eachblock. We proposepackingall
contiguousnonzerosinto a block to reducethe numberof memoryindirectionsfurther. This reduces
memoryindirectionsperblock to onefor thecostof anextraarrayin storageanda loopduringSpMxV.

We alsoproposeanalgorithmto permutethenonzerosof thematrix into contiguouslocations.We
statethisproblemasthetravelingsalespersonproblemanduseassociatedheuristics.Experimentsverify
theeffectivenessof our techniques.

1 Introduction

Oneof themostimportantcomputationalkernelsin scientificcomputingis multiplying a sparsematrix by

a vector. Many algorithmsusesparsematrix-vectormultiplication (SpMxV) in their inner loop (iterative

solversfor systemsof linearequationsbeingjust oneexample). The repeatedexecutionof this operation

potentiallyamortizesthecostof a preprocessingphase,which might leadto computationalsavings in sub-

sequentexecutions.Theimportanceof theSpMxV operationhasmadethischallengingproblemthesubject

of numerousresearchefforts.

Datastructuresusedfor sparsematricesusuallyhave two components:(i) an arraythat storesall the

floating-pointentriesof the matrix, (ii ) arraysthat storethe sparsitystructureof the matrix, i.e., pointers

to the locationsof thefloating-pointentriesin thematrix. To exploit the sparsityof thematrix theuseof

pointersis unavoidablebut oftenlimits thememorysystemperformance.Onereasonfor this is thatpointers

usuallyleadto poorcacheutilization, sincethey lack spatiallocality. Thenumberof cachemissesfor the

right- and/orleft-hand-sidevectorscandramaticallyincreaseif thesparsematrix hasan irregularsparsity

structure.Anotherimportantfactoris thatmemoryindirections(pointers)requireextra loadoperations.In

sparsematrix operations,the numberof floating-pointoperationsper load operationis lower thanthat of

densematrixoperations,limiting overallperformance.�
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We proposealternative datastructures,aswell as reorderingalgorithmsto increasethe effectiveness

of thosedatastructures,to reducethe numberof memoryindirectionsin SpMxV. Toledo [7] proposed

identifying
�����

blocksof a matrix andwriting thematrix asthesumof two matrices,thefirst of which

containsall the
�����

blocksandthesecondcontainstheremainingentries.Thus,thenumberof memory

indirectionsis reducedto only onefor each
�	�
�

block. In analternative scheme,wepackall thenonzeros

in contiguouslocationsinto a block to reducefurther the numberof memoryindirections,becauseonly

onememoryindirectionsis requiredfor all thenonzerosin a block. However, we thenneedto know how

many nonzerosarein eachblock,whichrequiresanextraarrayandanextra loopduringSpMxV. Thiswork

concentrateson thelatterproblem.

We alsoproposereorderingthematricesto increasetheeffectivenessof our datastructures.Theobjec-

tive of reorderingis to permutethenonzerosof thematrix into contiguouslocations,asmuchaspossible,

to enlarge thedenseblocks. We canshow that this problemis NP-Complete,andthusheuristicsmustbe

usedfor apracticalsolution.Weproposea graphmodelto reducetheproblemto thewell-studiedtraveling

salespersonproblem,andthuswecanuseheuristicsdesignedfor thatproblem.

We verify experimentallythe effectivenessof the proposeddatastructuresandalgorithms. Our new

datastructuresandreorderingtechniquesproduceimprovementsof up to 33%andimprovementsof 21%

onaverage.

The remainderof this paperis organizedasfollows. Section2 discussesthe shortcomingsof current

sparsematrix datastructuresandproposesnew alternatives. Section3 statesa new matrix reorderingalgo-

rithm to permutethenonzerosof thematrix into contiguouslocations.Experimentalresultsarepresentedin

Section4, andfinally weconcludewith Section5.

2 Sparse Matrix Data Structures

Themostwidelyusedsparsematrixstorageschemeis CompressedRowStorage (CRS).As its nameimplies,

this schemestoresthe sparsematrix asa sequenceof compressedrows. Threearraysareemployed: �
� ,�	���������
and � ������� �

. Thenonzerosof thesparsematrix � arecompressedinto anarray �!� in a rowwise

manner. Thecolumnindex of eachnonzeroentryis storedin thearray
�"���#�$���

, i.e.,
�	���������&% �('

is thecolumn

index of thenonzeroentrystoredin �!� % �('
. Finally, � ���)�&� �

storestheindex of thefirst nonzeroof eachrow.

Figure1 presentsaSpMxV algorithmusingcompressedrow storage.

for
�+* �

to , do- % �('.*0/
;

for 1 * � ������� �2% �('
to � ���)���3�2% �54 � '�6 �

do- % ��'.* - % �('74 �!� % 1 '28:9;%<�	���������5% 1 '=' ;
Figure1: SpMxV algorithmin compressedrow storage
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Sparsematrix-vectormultiplication(SpMxV) algorithmstendto suffer from poormemoryperformance.

Onereasonfor this is ineffective cacheutilization. Temporallocality is limited to right- andleft-hand-side

vectorsand � ���)���3�
array. No temporallocality is presentin arrays �!� and

�"���#�$���
. In CRS,thereis

goodtemporallocality in the left-hand-sidevector - , but the accesspatternfor the right-hand-sidevector

canbequite irregular, causingexcessive cachemisses.Reorderingthematrix to reducecachemisseswas

proposedby Das. et al. [3], who suggestedreducingthe bandwidthof the matrix. TemamandJalby[6]

analyzedthenumberof cachemissesasa functionof thebandwidthfor variouscacheparameters.Burgess

andGiles[2] experimentedwith variousorderingalgorithmsandfoundthatreorderingthematrix improves

performancecomparedwith randomordering,but they did not detecta notablesensitivity to theparticular

orderingmethodused.Toledo[7] studiedreordering,alongwith othertechniques,andreportedthatReverse

Cuthill-McKeeorderingyieldedslightly betterperformance,but thedifferenceswerenotsignificant.

Another problemwith SpMxV is that the ratio of load operationsis higher than with densematrix

operations.Oneextra loadoperationis requiredto find the columnindex of eachnonzeroentry for each

multiply-addoperation.Theinnermoststatementin thealgorithmin Figure1 requiresthreeloadoperations

for two floating-pointoperations.Thisnotonly increasesthetotalnumberof loadinstructions,but alsocan

causetheloadunitsto beabottleneck,especiallyin recentarchitecturesasdiscussedin [7].

Thefollowing two sectionspresentdatastructuresthatcandecreasethenumberof memoryindirections

duringSpMxV operation.

2.1 Fixed-Size Blocking

In thisapproach,thematrix is writtenassumof severalmatrices,someof whichcontainthedenseblocksof

thematrix with a prespecifiedsize.For instance,givena matrix � , we candecomposeit into two matrices�?>$@ and �">A> , suchthat �CBC�?>$@ 4 �?>A> , where �">$@ containsthe
�?�D�

denseblocksof thematrix and �?>A>
containsthe remainder. An exampleis illustratedin Figure2. A simplegreedyalgorithmis sufficient toEFFFF
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Figure2: Fixedsizeblockingwith

�?�
�
blocks

extractthemaximumnumberof
�?� �

blocksin a matrix,where
��L ��MN�

. However, theproblemis more

difficult for O � �
blocksfor OQP �

.

Exploitingdenseblockscanreducethenumberof loadoperations,aswell asthetotalmemoryrequire-

ment,becauseonly oneindex perblock is required.Moreover, theentryof theright-hand-sidevector
9

can
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beusedmultiple times—asopposedto oncein theconventionalscheme—aftera loadoperation.

A similarproblemhasbeenstudiedin thecontext of vectorprocessors[1], but thoseeffortsconcentrate

onfinding fewerblocksof largersize,whereasweareinterestedin muchsmallerblocks.

2.2 Blocked Compressed Row Storage

In this sectionwe proposea new sparsematrix storageschemedesignedto reducethe numberof load

operations.The ideaof this schemeis to exploit the nonzerosin contiguouslocationsby packingthem.

Unlike fixed-sizeblocking, the blockswill have variablelengths. This enableslongernonzerostringsto

be packed into a block. As in fixed-sizeblocking, if we know the columnindex of the first nonzeroin a

block,thenwewill alsoknow thecolumnindicesof all its othernonzeros.In otherwords,only onememory

indirection(extra loadoperation)is requiredfor eachblock.

This storageschemerequiresanarray RTS ���3�
(of lengththenumberof blocks)in additionto theother

threearraysusedin CRS:afloating-pointarray �!� (of lengththenumberof nonzeros)to storethenonzero

values,anarray
�	���������

(of lengththenumberof blocks)to storethecolumnnumberof thefirst nonzerofor

eachblock,andanarray � ���)�&� �
(of lengththenumberof rows) to point to thepositionwheretheblocks

of eachrow start. RTS ���3�
storesthelocationof thefirst nonzeroof eachblock in array �!� . We referto this

storageschemeasblocked compressedrow storage (BCRS).Figure3 presentsanexampleof BCRS,and

theSpMxV operationusingthisstorageis presentedin Figure4.

�UB
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= c ��dJ�XdA_adJVXd b dJnlj
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Figure3: Exampleof blockedcompressedrow storage

This storageschemereducesextra loadoperationsbut requiresanextra loop duringtheSpMxV opera-

tion andthussuffersadditionalloop overhead.If thesizesof theblocksaresmall,theoverheaddueto the

extra loop will dominatethegaindueto decreasedloadoperations.Thus,theeffectivenessof this storage

schemedependsdirectlyon thesizesof theblocksin thematrix.

Thetotal volumeof storagehasasimilar tradeoff. Two numbers(onein
�"���#�$���

andonein RTS ���3�
) are

storedfor eachblockin thematrix,asopposedto onenumberfor eachnonzero.Thus,if theblocksarelarge

enough,thetotalstoragesizecanbesignificantlyreduced.

3 Reordering to Enlarge Dense Blocks

The previous sectiondescribedour datastructuresto exploit denseblocksof a matrix. The effectiveness

of thesedatastructuresdependdirectly on the availability of denseblocks. In this sectionwe describe
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for
�+* �

to , do- % �('.*0/
;

for 1 * � ������� �2% �('
to � ���)���3�2% �54 � '�6 �

doq �srt���suv���w*x�"���������5% 1 ' ;�+*y/
;

for O * RTS ���3�2% 1 ' to RTS ���3�2% 1 4 � '&6 �
do- % ��'.* - % �('74 �!� % O '28�9z% q �srt���suv���a4{� '
;�+*y�w4 �

;

Figure4: SpMxV with blockedcompressedrow storage

reorderingalgorithmsto enlarge denseblocksof a matrix. First, we will formally definetheproblemand

proposea graphmodel to reducethe problemto the traveling salespersonproblem(TSP).Thenwe will

discussbriefly heuristicsweusedfor solvingTSP.

3.1 Problem Formulation

Our objective in reorderingthematrix is to increasethesizesof thedenseblocksin a row, i.e., to align the

nonzerosin a row in consecutive locationsasmuchaspossible.This requiresreorderingof columnsandis

not affectedby orderingof rows. Thus,rows of thematrix canbereorderedwithout disturbingthealigned

nonzeroswithin arow (e.g.,thesamereorderingcanbeappliedto rows to preserve symmetry).Thesetech-

niquescanalsobeusedto align nonzeroswithin acolumnby interchangingtherolesof columnsandrows.

A formaldescriptionof theproblemfollows.

Givenan , � �
matrix �|B}c r\~�� j , find an orderingof columnsto maximizethenumberof c � d 1 j pairs

satisfying
r ~<���B /

and
r ~<��� > �B /

, i.e.,� r\9�� , � St����cAc � d 1 j���� M��:M , de� M 1 L � � r ~����B /�r\����r ~<�f� > �B / jfW

In theAppendix,we show thattheproblemis NP-Completeby usingreductionfrom HamiltonianPath

problem.Thus,we mustresortto heuristicsfor a practicalsolution.Suchanorderingproblemis naturally

closeto TSP. However, we arelooking for a path,not a tour (cycle) of vertices.Althoughthis is a slightly

differentversionof the problem,heuristicsdesignedto find a tour canstill be usedor adaptedto find a

pathof vertices.Thus,our strategy will befirst to definea graphmodelthatreducesour matrix reordering

problemto thewell-studiedTSPanduseheuristicsalreadydesignedfor TSPto reorderour matrices.For

thesake of presentation,wewill referto themaximizationversionof TSP, i.e.,

Givena graph �}B�c�� d���j
anda weightingfunction

�
on its edges,find a tour ����� d �X> d�W�W�W �a� ��� � >J� to

maximize
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Figure5: Edgeweightcomputation.Graphshows edgeweightsof matrix on left-handside. Matrix after
reorderingis presentedonright.

¢
��£ ~�¤ � �+� � c�� ~ d � ~h� > jfW

Noticethattheweightof theedge c��7� �)� d � � j is not included,sinceweneedapath,nota tour.

Sincewe are trying to reordercolumnsof the matrix, the graphthat reducesthe matrix reordering

problemto TSPhasverticesrepresentingthecolumnsof thematrix. Theweightof anedgebetweentwo

verticesis definedasthenumberof rowswherebothrespective columnshave anonzero,i.e.,

� c�¥ d � j B���c � ��� M��)M , � r ~§¦��B /¨rt���©r ~§ª��B / j
An alternative definition,whichalsogivesthebasicsof analgorithm,is asfollows. Let «w¬TB|c q ~<� j bea

matrixof zerosandoneswith thesamenonzerostructureas � , i.e.,

q ~<� B �x­ r ~<���B / W
Let ®¯B�« ¬ «;°¬ . Theweightfunctioncanbedefinedby thematrix ®©B|c � ~<� j

as
� c�¥ d � j B � ¦eª

. Figure5

illustratesanexampleof edgeweightcomputation.In this exampletheweightof the c / de�pj
edgeis equalto

1 becausecolumns0 and1 sharea nonzeroonly in thefirst row, whereasthe weightof the c ��dA_\j edgeis

equalto 2 becausecolumns1 and4 sharenonzerosin thefirst andsecondrows.

Noticethatalthoughaweight(possiblyzero)is assignedto any pairof verticesin thegraph(any ordering

is afeasiblesolutionfor thematrixreorderingproblem),® isexpectedto besparse,whichmustbeexploited

for thesake of efficiency (or evenexistence)of apracticalsolution.

If thevertices¥ and � arein consecutive locationsin theTSPsolution,thentherespective columnswill

bein consecutive locationsin theorderedmatrix,and
� c�¥ d � j

nonzeroswill bein contiguouslocations.The

larger theweightsof theedgesin thetour, thegreaterthenumberof nonzerosin contiguouslocationswill

be. In general,finding a tour with maximumweight in this graphcorrespondsto finding anorderingwith

maximumnumberof contiguousnonzeros.To bemoreprecise,thenumberof blocks(asin BCRSscheme)

in thereorderedmatrix is equalto thenumberof nonzerosin thematrix minusthetotal weightof theTSP

tour, sinceeachunit of weightcorrespondsto locatinganonzeroadjacentto anotherone,thusdecreasingthe
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numberof blocksby one.Consequently, a tourwith maximumweightdescribesanorderingwith minimum

numberof blocks.

In the exampleof Figure5, the matrix has13 nonzeros.TSPsolutionusedto reorderthe matrix is/;± � ± � ± _ ± ]
, thetotalweightof which is

� 4 � 4 � 4 � B n
. Thenumberof blocksin thereordered

matrix is
�e] 6 n B V

.

3.2 Heuristics for TSP

As in many othercombinatorialoptimizationproblems,heuristicsfor TSPcanbeclassifiedinto two groups:

constructiveandimprovement.Constructiveheuristicsdirectlyconstructasolutionfor theproblem,whereas

improvementheuristicsstartwith a givensolutionandtry to improve thatsolutionby searchingtheneigh-

borhood. A comprehensive discussionof TSPsolutionmethodscanbe found in [4, 5]. In this work, we

adoptedheuristicsfrom the literatureinsteadof designingour own. Herewe discussbriefly the heuris-

tics usedin our experiments.Sincematrix reorderingis proposedasa preprocessingstep,we focusedon

computationallyefficientheuristics.

Thesimplestconstructive heuristicis to usetheinitial orderingof thematrix. Matricesoftenhave some

naturalorderingthat canbe usedasan initial solution. We alsouseda vertex insertionprocedure.The

processstartswith an initial pathof onerandomvertex, andverticesare insertedoneby oneto the path

until all areincludedin thepath. At eachstep,a vertex that is not in thecurrentpathis randomlychosen

andinsertedinto thepath,sothatthesumof weightsof edgesto its successorandpredecessoris maximum.

Thefinal constructive heuristicwe usedis to startwith a randomvertex asthe initial pathandproceedby

insertingverticesat theendof thepath. At eachstep,thevertex that is connectedto the lastvertex of the

currentpathwith theheaviestedgeweightis insertedat theendof thepath.

Improvementheuristicshave thesameflavor asconstructive heuristics.Oneof theheuristicswe used

dependsonvertex insertion.But this timea vertex is first removedfrom thecurrentpath,unlike thecasein

constructive heuristics,andthenreinsertedto maximizethetotal weightof the tour. We alsousededgeor

pathreinsertionprocedures,which aresimilar to vertex insertion. In theseheuristics,edges(pathsof two

vertices)or longerpathsarereinsertedinsteadof vertices(namedOr-optprocedurein [4]).

4 Experimental Results

We implementedthenew datastructuresandreorderingalgorithmsin C andcomparedtheir performances

with that of conventionalcompressedrow storage(CRS)scheme.We experimentedwith a collectionof

matricesselectedfrom theHarwell-Boeingsparse-matrixcollection.All experimentswereperformedon a

SunEnterprise3000.

In the first setof experiments,we investigatedthe effectivenessof our orderingtechniques.Figure6

presentsourexperimentalresultswith
�z�"�

blockedmatricesafterReverseCuthill-McKee(RCM) ordering,
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usingtheinitial ordering,andTSPordering(describedin Section3). TSPsolutionsaregeneratedby starting

with the initial orderingand then using a vertex insertionprocedureto improve the initial solution. In

Figure6: Effectivenessof ordering

Figure6, SpMxV timesarenormalizedwith respectto SpMxV timeswith theconventionalCRSscheme.���²�
blocking after TSPorderingalwaysimprovesperformanceandis alwayssuperiorto the othertwo

orderingmethods.Thedifferencebecomesverysignificantfor dw8192 andbcsstk28. Onaverage,TSP

orderingreducesthe runtimeof a SpMxV operationto 79% of that of the conventionalscheme,whereas

RCM orderingandusingtheinitial orderingarelimited to only, 95%and92%,respectively.

Figure7 presentsour resultswith the two new datastructures.Again, SpMxV timesarenormalized

with respectto SpMxV timeswith theconventionalCRSscheme.Fixed-sizeblockingis superiorto BCRS

for mostmatricesandon average.BCRSoutperformsfixed-sizeblockingfor four matrices:bcsstk28,

cavity26, bcsstk30, andbcsstk32.

Wealsoexperimentedwith minormodificationsof thedatastructures.For instance,using
�?�
]

blocks

insteadof
�"�³�

increasestheperformanceby 3%onaverage,but furtherincreasingtheblocksizedoesnot

help. Usingblocked compressedrow storageonly for blocksof sizegreaterthan1 andusingtheconven-

tionalschemefor theremainderincreasedtheperformanceby 8%,comparedwith blockedcompressedrow

storage.Wearein theprocessof tuningourdatastructuresfor maximumperformance.

The resultsshow that significantsavings canbe achieved by exploiting the denseblocksin a matrix.

Reorderingthematricesyieldsnotableimprovementin performance,offsettingthecostof thepreprocessing

phase,which is oftenamortizedover repeatedSpMxV operationswith thesamematrix.
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Figure7: Comparisonof datastructures

5 Conclusions and Future Work

Wehavepresentednew datastructures,alongwith amatrixreorderingalgorithmto increasetheeffectiveness

of thosedatastructures,designedtodecreasethenumberof memoryindirectionsduringsparsematrix-vector

multiplication.Thedatastructuresexploit denseblocks—nonzerosin contiguouslocations—ofthematrix.

We alsoproposeda reorderingalgorithmto enlarge the denseblocksof a matrix. Experimentsverify the

effectivenessof proposedtechniques,with observedperformanceimprovementof upto 33%andanaverage

improvementof 21%.

Currentlyweareworkingon improving theperformanceof theproposedtechniques.Wearealsoinves-

tigatingalternative waysof exploiting thedensityin thesparsematricesby designingadditionalnew data

structures.Finally, we plan to experimentwith variousarchitecturesto observe the performanceof these

techniqueswith avarietyof architecturalparameters.
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Appendix NP-Completeness of Problem

In this section,we prove thatorderinga sparsematrix to increasesizesof denseblocksis NP-Completeby

usingreductionfrom theHamiltonianPathproblem.Firstwestateadecisionversionof theproblem:

Givenan , � �
matrix �|B^c r ~<� j , decideif there existsan orderingof columns,where thenumberofc � d 1 j pairs satisfying
r ~<���B /

and
r ~#´ ��� > �B /

is greaterthanor equalto a givenboundµ .

Givenasimplegraph�¨B¶c�� d���j
(no loops,noparalleledges),constructan · � · � ·��¸· matrix � . In this

matrix eachrow representsanedgeandeachcolumnrepresentsa vertex in thegraph. Let the
�
th column

representthe
�
th vertex. Thenonzerostructurematrix � is definedsuchthat therearenonzerosat

r��J~
andr �J¹

for eachedge� � B¶c�� ~ d � ¹ j .
To increasethesizeof denseblocks,we have to bring thecolumnsof adjacentverticesto consecutive

locationsin thereorderedmatrix. Noticethattwo adjacentcolumnscansharenonzerosin at mostonerow,

becausethereareno paralleledges.Therecanbe at most ·��º· 6 �
blocksof size

���²�
after reordering,

achievedwhentheverticesof consequentcolumnsshareanedgein thegraph,whichdefinesaHamiltonian

pathin thegraph.

It is alsoeasyto seetheproblemis in NP, sincea givensolutioncanbeverifiedin polynomialtime. So

wecanconcludethattheproblemis NP-Complete.
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